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A Uniform quantization

We formally introduce uniform quantization, which refers to the integer representations of
floating-point tensors by taking the quantization intervals uniformly [1, 2].
Suppose:

L‘| . RIIX[2><"'><IN — ZI|><12><---><IN (1)

is an element-wise rounding operator in tensor space such as round(-), floor(-) or ceil(-) in
pytorch [4].
Quantization operator. Suppose:

[H]n . RllxlzxmxIN — le xIp X+ X1y (2)

is a n-bit quantization operator which sends tensors from floating-point representations to
n-bit integer representations.
De-quantization operator. We define the de-quantization operator as:

[[]];1 gl xRl XXXy -

Let x € RI1*2XxIN be some floating-point tensor. Let [cr, ] C R be the quantization
representation range (i.e. quantization clipping range) where @, 8 € R. Choosing the clip-
ping range constant [0, 3] is often referred as ‘calibration’ [1]. Let s € R be some scale
constant determined by quantization bit-width and representation range [ct, 3]:

a—p
-1

s(nya; B) = 4)
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Suppose z € Z denotes the integer representation zero point (i.e. quantization bias), the
quantization operator [[-]|, can be formulated as:

=[], LMTM —z )

which represents x into the range:

o B
[Ls(n;aﬁﬂ Z7Ls(n;(x,ﬁ)] 3 CL. (©)
The choices of z determine two schemes for uniform quantization: (1) Symmetric quan-
tization scheme and (2) asymmetric quantization scheme (i.e. affine quantization) [1, 3, 6].
For example, the scheme z := S(n;‘;, B) is dubbed as ‘asymmetric quantization scheme’
or ‘affine quantization scheme’ where the floating-point representation zero-point is mapped
to the bias z. The scheme z := 0 is dubbed as ‘symmetric quantization scheme’ where the
floating-point representation zero-point is mapped to zero.

Accordingly, the de-quantization operator [[-];! can be formulated as:

2= [T, Y s, B) - (xF +2). )
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B Mode-n tensor product

Let Z € RIii*XXIN pe 3 N-order tensor where I; denotes the i-th dimension size. A “fiber’
refers to the vector created by fixing N — 1 dimensions. A ‘slice’ refers to the matrix created
by fixing N — 2 dimensions.

The mode-n matricization of tensor Z is also known as tensor ‘unfolding’. For example,
a tensor with shape 8 x 16 x 3 x 3 can be unfolded into a matrix with shape 8 x 144. The
mode-n matricization of tensor Z is denoted as Z,) by arranging the mode-n fibres of Z as
columns. The mode-n product is known as tensor-matrix product. The mode-n product of

tensor Z and matrix ¥ € R/*} is defined as Z x,, ¥ </ YZ ).

Accordingly, we also define the inverse mode-n tensorization (i.e. ‘folding’) as the in-
verse operation and denote it as Zj, 7, « 7, x...xjx] Where Ji X Jo X --- X Jg denotes the folding
dimensions of the unfolded dimensions in Z(,,). Readers can refer to the literature [5] for
details.
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C Proof: Residual convolutional representation
We aim to prove:

Waex=[W],®x+ B®A ®x (®)

residual operator

as stated in Theorem 1.

However, the convolutional operations are not matrix multiplications. We can not directly
use the results such as singular value decomposition (SVD). Strictly proving the Theorem 1
demands some efforts. We use the knowledge from tensor algebra to show that Theorem 1
holds.

Definition 1 (Unfolding operator). Le::
T(ky % ka,s1 % 52) : ROV g Rhkon'schf ©)

be the ‘unfolding’ operation which arranges some input with shape ‘n x w X h’ to shape
‘n-ky-ky xw x h’ for convolution operation with respect to kernel size k| x ky and stride
size §1 X 8. In particular, if the stride size is 1 x 1, we simplify the notation as:

T(k] sz). (10)

Suppose x € R™Y*  For example, the operator with stride s1 X sy and no padding is defined
by:

T(ky % ka,s1 % $2)(x)(c,u,v) :=x(c mod (n-ki -ka), L%J, Léj) (11)

where c,u and v are indices. Clearly:
T(1x1)(x)=x (12)

holds true as a particular case. Readers can refer to the implementation of the operation
unfold in pytorch.

Lemma 1 (Tensor mode-n product factorization). Ler Z € RIV2XXIN e some tensor.
Let A € RR*! qnd B € R7*R be matrices. Below identity holds:

ZxyAX,B=Zx, (BA). (13)
Readers can refer to literature [5] for the proof.

Lemma 2 (Convolution mode-n representation). Let W € R"™"K1*Ki be the weights of
some ‘ky X k1’ 2D convolutional operator where m denotes output channels and n denotes
input channels. Let x € RV*! be some input with size w x h and channels n. According to
the definition of 2D convolution, the convolution W ® x can be represented as:

Wax="T(k sz)(x)X1W(1). (14)
—_—

n-k1~k2 xw! xh'
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Theorem 3 (Convolution factorization). Ler Z € R"™"K1*k2 pe the weights of some 2D
convolutional operator. Suppose:

Zy) =BuAg) e Rk (15)

where A € R&™kixke qnd B € R™ 4151 gre the weights of two convolutional operators
with kernel sizes ‘ki x ki’ and ‘1 x 1’ respectively. Let x € R™Y*" be some input. Using
Lemma 2 and Lemma 1:

®x=T(k; x kp)(x) X1 (16)
= T(k1 x k2)(x) X1 ( Aqy) (17)
=T(k; x kp)(x) X1 A XlB( 1) (18)
=(A®x) X]B(l) (19)
=T(1 x 1)(A®x)B(y) (20)
=B®A®x. (21)
Corollary 4 (Convolutional singular value decomposition). Suppose:
Zoy =UsVT =Us3 (sv)” 22)
where:
ST®S? =S. 23)
Set:
1
By :=US2 (24)
and:
1
Ay = (S2V)T. (25)
Using Theorem 3:
1 1
Z@&x=(US?)1,ax1x1] ® (STV) ]|k, xcky] B X (26)

Proof. We now show that the Theorem 1 strictly holds by using Theorem 3 and Corollary 4.
Suppose W € R™*"*ki1xk2 e the weights of some convolutional operator. Set:

Z = A[W], € Rmm<kixk, 27

Convolutional operators are linear operators. The convolution quantization residual repre-
sentation is:

Woex=[W],®x+A[W],®x (28)
=Wl ®x+ (Us%)[l,dx 1x1] ® (S%V)[];,nxlq xky] B (29)

There is nothing to do. Theorem | holds as demonstrated. O
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D Rank normalization coefficients

Suppose a model with L convolutional filters. Suppose the /-th layer has parameter size @;.
Suppose the adaptation of the i-th layer has parameters ;. The maximum parameter size of
the /-th adapter is ;.

The overall size of the adapters is given by:

—.0,. (30)

L
) o. @31
i=1
Thus, the running budget is:
%@1- —— <b. (32)
: Y ©;
i=1
Set:
1 0
O =T (33)
YO

which is referred as /-th layer rank normalization coefficient.
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E Equivalent quantization bit-width
Suppose the /-th layer parameter size ;. The the /-th layer adapter size is:
T
—-09,. 34
R © (34
The equivalent quantization bit-width & is:
n L m L r
¢ ﬁ'z‘gl@H—ﬁ.ElRi’.®i
5= ; (35)
Y 0,
i=1
Simplifying the Equation (35):
E=n+m-b. (36)
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F Full solutions

We provide full solutions for all experimental models.

optimal

. heuristic
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Figure 1: Solution for resnetI8.
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Figure 5: Solution for wide_resnet50_2.
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