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Abstract

This article provides an accountof sensitvity and robustnessof structure
andmotionrecovery with respecto the errorsin intrinsic parametersf the
camera.We demonstratéoth analyticallyandin simulation,the interplay
betweermeasuremerand calibrationerrorsandtheir effect on motionand
structureestimates.In particularwe showv thatthe calibrationerrorsintro-
ducean additionalbiastowardsthe optical axis, which hasoppositesignto
thebiastypically obsenedby egomotionalgorithms.Theoverallbiascauses
a distortionof the resulting3D structure which we expressin a parametric
form. Theanalysisandexperimentsarecarriedoutin the differentialsetting
for motion and structureestimationfrom imagevelocities. While the ana-
lytical explanationsarederivedin thecontext of lineartechniquegor motion
estimationwe verify ourobsenationsexperimentallyon avarietyof optimal
andsuboptimalmotionandstructureestimatioralgorithms.The obtainedre-
sultsilluminate andexplain the performanceand sensitvity of the differen-
tial structureand motion recovery techniquesn the presencef calibration
errors.

1 Introduction

While the basicgeometricrelationshipsgoverningthe problemof structureand motion
recovery from imagesequencesre well understoodthe existenceof robust automatic
techniquedor recovery of motion andstructureis still elusve. Differentaspectof the
performanceand sensitvity of the existing generaltechniquedor motion andstructure
recovery have beenaddresseth the past. While thelist of referencess by no meansex-
haustve, we mentionherefew morerecentrepresentatie works addressinghe problem.
The intrinsic sensitvity of the differentialformulation of the problemhasbeenstudied
thoroughlyusing analyticaltechniquesas well as simulations[1, 2, 3]. Thesestudies
assumedalibratedcamerasand focusedon determiningsensitve directionsof motion,
dependengonthedepthvariationandfield of view [4]. Theproces®f cameracalibration
introducesadditionalerrorsin the measurementsyhich affectthefinal estimatesThisis
the casebothwhenthe camerais calibratedoff-line or whenself-calibrationtechniques
areusedtowardsthis end. With the exceptionof few, the study of theseeffects,hasnot
recevedmuchattention.Variousempiricalobsenationsregardingthe stability of the es-
timationof intrinsic parameterandtheir effect on the structureestimationin the discrete
settinghave beenmadeby Bougnoux5]. He pursuedhestratifiedapproacho Euclidean
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reconstructiorandexperimentallydemonstratethat,in spiteof depthdistortionscaused
by calibrationerrors,the basicgeometricrelationshipgorthogonality parallelism)were
presered. Theeffectof calibrationerrorson motionestimatesn thediscretesettinghave
also beenexploredin [6], assumingnoisefree measurementsf correspondingpoints.
In [7] theauthorsderivedthe covariance®f the parametersf anuncalibratedstereosys-
tem,bothfor fixedcalibrationparameterandfor thehypothesighatana priori Gaussian
distributionfor the calibrationparametergs known. Theeffectof this prior knowledgeon
the quality of thefinal estimatesvasdemonstrateé¢h the context of nonlinearoptimiza-
tion techniquesin thedifferentialsettingCheong2] characterizedhe depthdistortions
dueto thefree varying focal lengthusingthe analyticaliso-distortionframewnork devel-
opedpreviously in the uncalibrateccase.While the iso-distortionframewnork enabledo
study the intrinsic distortionsas a family of transformationparameterizedy errorsin
motion estimatesjt doesnot assumeary particulardistribution of noisein the image
measuremen@ndcamergparametersHenceit is not suitablefor quantifyingthe quality
of thefinal estimates.

We presentinanalyticalstudyof thesensitvity of egomotionandstructuresstimation
assumingothnoisy measurementanderrorsin intrinsic parametersf the camera.Re-
sortingto someapproximationsye bothanalyticallyandexperimentallyjdemonstratéhat
theerrorsin calibrationintroducean additional biastermin motionestimationwhichre-
ducesgthepreviously obsenedtranslatiorbiasreportedn [8]. Theoveralltranslatiorbias
distortsthe resultingstructureproportionallyto the distanceof the measurementsom
the optical axis. Thesedistortionsare further accentuatedby the errorsin focal length
andcenterof the projection. We offer an analyticalexplanationof the errorsintroduced
by calibrationin the context of lineartechniquesThe obsenationsareverified by simu-
lation of a variety of linearandnonlinearalgorithmsfor structureandmotion estimation
andconfirmtheintrinsic natureof the errors,makingthemindependentf the algorithm
choiceandobijective functionused.

2 Problem Formulation

In orderto studythe problemof motionandstructurerecoveryfor imagesequencesyhen
theindividualframesarecloselyseparateth time, we employ thedifferentialformulation
of the problem. The startingpoint of our analysisarethe basicrelationshipbetweerthe
motion of a 3D point X = [X,Y, Z]T inducedby the cameramotion (w,v) andthe
associatedmageplanemotionfield u:

X =0X +v and u=AX)w+ %B(x)v (1)
wherew denotesa skew symmetricmatrix associateavith the vectorw, suchthatw =
w x X. Theimagepointx = [z,y,1]T andits 3D counterpartX are relatedby an
unknawn scale A, suchthat Ax = X, which in the caseof perspeciie projectionis
A = Z. Theimageplanemotionfield is u = [z,9,0]7 = [uz,uy, 0]T and A(x), B(x)
arefunctionsof imagecoordinateslefinedasfollows:

zy —(1+2%) y -1 0 =z
A= 1+9? —zy -z |; B= 0 -1 y
0 0 0 0 0 O
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The above relationshipassumeso called normalizedcameracoordinatesystemx =
[z,y,1]T (with theretinalplaneat Z = 1). Theretinalplanecoordinatesrerelatedto the
image(pixel) coordinatesc, = [z,,y,, 1]7 via matrix K of camerantrinsic parameters.
For the purposeof the analysiswe considersimplified model of the calibrationmatrix
assumingno skew s, = 0 andtheaspectatioa = %= = 1, wherel/k, and1/k, are
horizontalandvertical pixel sizesrespectrely. Denotingo,, o, asthe coordinate®f the
optical centerprojectionand f asthe focal lengthof the cameraexpressedn pixel units,
the calibrationmatrix K is thendefinedas:

_f 0 Oy
K = 0 —f o
0 0 1

Cameras field of view (FOV) 6 is relatedto the dimensionof the focal planeI, with
tanf = L.
!

Thefocusof this paperis to studytheinterplaybetweemoisyimagevelocitiesanderrors
in calibrationandtheireffectsontheresultingmotionandstructureestimatesWe initially
assumehatthe calibrationparameterare obtainedby an off-line calibrationprocedure.
For the purposeof sensitvity analysisassumethat the entriesof K: f, 0., 0, arecor-
ruptedby zero-mearGaussiamoisen; ~ N(0,0%), no, ~ N(0,02,),n,, ~ N(0,07 )
respectiely. Sincethefocal lengthandoptical centerpositioncanbe measuredndepen-
dentlyandthe choiceof the axisin theretinalplaneis arbitrary we assumehatthefocal
length f ando,, 0, areuncorrelatedandomvariablesandthe errorsin o, ando, are
identicalwith o, = 0, = 0,. Theerrorsin calibrationaffectthe coordinateof feature
positionsx aswell asimagevelocitiesu. Thesearemeasuredn theretinalplaneandare
expresse@snonlinearfunctionsof theintrinsic parametersf thecameran thefollowing
way:

(z‘) _ % ((O)z :Z’) = % (ﬁz) and u= %up = %(xp(t+ 1) —x,(t) (2)

whereA, = o, —z, andA, = o, —y,. Notethatimagevelocitiesu depencnly onthe
focal length f andare unafectedby the knowledgeof the centerof the projection. We
furtherassumehatthe calibrationerrorsaremuchsmallerthanoptical flow errors. This
approximationis valid for camerasalibratedwith a calibrationgrid wherethe camera
parametersanbeestimatedvith errorsup to few percen{9]. Theopticalflow errorsare

2

typically on the orderof a few tensof percent10], henceZ—z/% &~ 100. We will refer
to the above assumptionater in the text andwill useit only to simplify the analytical
derivation. The experimentakesultswill be providedfor abroadersetof conditions.

Thestudyof theintrinsic sensitvity of themotionandstructureestimationin theana-
lytical settingis adifficult taskdueto thenonlineamatureof theproblem.With theexcep-
tion of few, the studiesof sensitvity androbustnesaypically resortto simulations[11].
In thefollowing paragraptwe will demonstratéhatby makingsomeapproximationsve
candraw generakonclusiongegardingthe biasnesandsensitvity analytically In order
to do so, we startwith alinearformulationof the structureandmotion estimationbased
onthebilinearepipolarconstraint.in Section5 we verify our obsenationsby simulation,
usingawide spectrunof differentmotion estimationalgorithms.
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2.1 Egomotion Estimation

In orderto decouplethe effect of measuremergrrorson the structureand motion esti-
mateswe employ the epipolargeometryformulation. The epipolarconstraints obtained
by algebraiceliminationof theunknown depth) from the equation(1) andyieldsfollow-

ing relationshipsn calibratedanduncalibratedcase:

ulox + xToox =0 and WK ToK x4+ xTKTooK 1x=0 (3)

Sincetheuncalibratedlifferentialepipolarconstraintdoesnot provide enoughconstraints
for therecovery of the unknavn camergparameterérom imagemeasurementsnly, the
completecameraself-calibrationin thedifferentialcases not possible Equation(3) may
berewrittento highlightthe dependencen theopticalflow as:

[A1(u) | Az]e =Ae=0 4)

where4; (u) € ®™*3 isalinearfunctionof themeasuredpticalflow andA4, € £™*6 is
afunctionof theimagepointsalone;vectore € %°, e = [v,, vy, v, 51, 52, $3, 54, S5, S¢]~
is associatedvith the unknovn parameters andthe symmetricparts = %(d}f) + W)
of thematrix . Minimizing || Ae||? leadsto LLSE estimateof e, which is obtainedas
the eigervectorof A” A associateavith the smallesteigervalue. Translationestimatev
is thendirectly availableandangularvelocity w canbe obtainedoy decompositiorof the
specialsymmetricmatrix s. This particularparametrizatiomndthe associateélgorithm
is describedn greaterdetailin [12].

Assumingperfectcalibrationand measurementoisedueto the temporalmatching,
only the columnsof A relatedto matrix A; arecorruptedby noise. This causeghe lin-
eartechniquedo leadto biasedestimates.Few techniquedor removing the biaswere
suggestedyy [8, 13]. We will now demonstratehe sourceof this bias andits inter
play with the biasinducedby calibrationerrors. If we assumehat calibrationis perfect
andeachcomponenbf u is corruptedoy n ~ N(0,02) dueto the temporalmatching,
the noisein imagevelocitiesperturbsthe matrix A by § A. This perturbationaltersthe
eigervectorsof AT A. It canbe shavn using perturbationtheory for Hermitian matri-
cesthatif E[§(AT A)] # 0, thenthe eigervectorsare biased(see[14] or [15]). First
note that the rows of A; have the form 7 = 4x while thoseof A, are of the form
p = (22, 2xy, 222,92, 2yz, 2%). Letswrite the noisefree AT A in termsof constraints
(7, p;) anddenoteits upperleft blockasD :

T T
ATA = (T’Ti TPy ) and D=Y 777
; Pz’TiT pipiT ; v

The entriesof AT A are nonlinearfunctionsof x andu, which meansthatif theseare
corruptedby zero-mearnGaussiamoise, the expectationvalue of the error §(AT A) in
AT A is not zero. Consideringthe errorsin temporalmatchingonly, it is only the block
of the error matrix §(A” A) associatedvith D that hasexpectationvaluedifferentfrom
zerd. In factthe non-diagonablock elementsare linear in u and the p;pf block is
independendf u. Denotethe noisyconstraints;, 7; = 7; + n. By propagatingheerrors

1The expected values for the remaining blocks are zero. In fact E[pipf] = 0 since z;, y; are noise free
and E[p;7]] « Efug] = E[uy] = 0 with the assumption that components of u are 11D zero-mean Gaussian,
n~ N(0,02).

666



in imagevelocitiesu dueto temporalmatchingto the constraintcoeficientsr;, onecan
easilycomputethe covariancematrix £, of 7;. Let D bethe noisy matrix D and E[D]
its expectatiorvalue,suchthat E[D] = E[D] + 2% whereX is:

1 0 —; 0 0 0
Y= E 0 1 —Y; = E 0 0 0 5
i —x: —y: T2 yz2 : 0 0 z2 2 _ 1 ®)

7 y’L ml+yl K3 :L'Z-l-y,

Assuminguniformly distributedfeatures E[> ", ;] andE[} ", y;] areapproximatelyzero
andthepartproportionalto identity canbe omittedsinceit doesnot changehe eigervec-
tors of matrix D. We seethat E[X] # 0, biasingthe final estimatetowardsthe optical
axis. This hasbeenpreviously obsenedbothanalyticallyandin simulationg16, 8].

3 Calibration and Egomotion

Supposenow thatin additionto the errorsdueto flow computationwe wantto under

standhow arethemotionestimatesffectedby calibrationerrors.Assumethatcalibration
parametergorm a vectorrandomvariablek = [o,,0,, f]*, wherethe individual com-
ponentsare independennormally distributed randomvariableswith N(0,X.), where
3. = diag([03,03,07%]). Eachcomponentf u is alsocorruptecby errorsn ~ N (0, a7,)

dueto temporalmatching.By propagatingheerrorsin calibrationto imagepositionsand
imagevelocities,we obtaincharacterizatioof the noisyfeaturepositionsx ~ N (0, %)

andnoisyimagevelocitiesii ~ N (0, X,,) asnormalrandomvariables.Theform of these
covariancematricescanbe foundin AppendixA. More detailedderivationcanbefound
in [14]. Consequentlyherandomvariablesk andua determinethe structureof the error
§(AT A) viaconstraint{r;, p;). Similarly asin thecalibrateccasewe will justify, thatthe
expectedvalueof §(AT A) is approximatelyblock diagonal. This approximatioris valid

giventhe hypothesighatx andu areweakly correlatedand E[u;], definedin Appendix
A, is zero.In suchcasewe obtain:

E[r;ipF] « E[u;]E[z3] = 0 <= E[u;] = 0 (6)

The block relative to p;p} containscoeficientsof 4% powersin theimagecoordinates.
2

2
Undertheassumptionthatopticalflow errorsarebiggerthencalibrationerrorsZ—g > ;—é
the relative errorsof p;p! aresmall comparedwith the relative errorsof ;7f.  Then
similarly asin the calibratedcasewe canapproximateE[§ (AT A)] consideringonly the
uppetleft block D, with all the otherentriesbeingzero. In the presencef calibration

errorsthe E[f)] is augmentedby two additionalbiastermsin thefollowing way:

0 0 0
E[D] = E[D] + 0{%1 + 035, where ;=% |0 0 0 7)
i 0 0 uj +u,

i

u

i

whereX; = ¥ asin theequation(5) ando? ande3 have thefollowing form:

. 1u? o2 o% . 1A2 o3 o2
2 u f 2 f 0
1—§_p(§+_fz) and ‘72—572(?24‘_52) (8)
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whereA? is the averagedistanceof the featuresfrom the centerof the projection,under
theassumptiorthatthefeaturesareuniformly distributedin theimageplane.lts expected
valuecanberelatedto thesizeof theimageplaneas E[A?] = I?/12. Usingtheassump-

2
tion that‘;—z > ‘;—é andE[A?] = I?/12, theexpressiondor o} ando? canbe simplified
to obtain:
, 10} tan? 0

5, lo?
2 — and 02:§F(1+ 12 ) (9)

o2 =—-2u
1 9 f2
whereu? andz? aretheaveragevaluesof imagevelocitiesandfeaturepositions.We can

2
comparethetwo termscontributingto bias: 1—;2 ‘;—2 and%2 ‘;—5(1 + ta{‘; 9. Sincel — 22
is onthe averagenegative, thetwo biastermshave oppositesignsanddampen(or under
favorable circumstancegancel)eachother This is demonstratedn Figure 1a where
we computedthe bias as a function of the calibrationerror assuming70% error in the
measurementsf the optical flow. Similarly for 30% errorin the optical flow, Figure1b
shawvs how the errorsin calibrationdominatethe precisionof the translationestimates.

Thedetailsof the simulationsareoutlinedin Section5.

FOV dependency. Equation(9) alsorevealsthedependencef themotionestimate®n
thefield of view @ of thecameraAs FOV — 0 theterm1 — 2 becomesmore’ negative
generatinga strongerbiasaspreviously shavn [11]. Thetermo? arisingfrom the noisy
calibrationalsoincreases$or bigger FOV. Thiseffectis demonstrateth Figure2 where
we calculatedthe biasin v, (z-componenbf the linear velocity) asa function of FOV
for noiseles®pticalflow and30 % erroronthe calibrationparameters.

4 3D Structure Distortion

In thefollowing sectionwe studythe effect of the calibrationerrorson the resulting3D
structure.In orderto separate¢he sensitvity issuespertainingto thetranslatiorbiasfrom
thoserelatedto thestructureof thescenenve assumehatthemotionis purelytranslational
in thedirectionof theopticalaxis. Giventhetranslatiorestimatey, theunknovnstructure
is givenby the equation(10). Assumingperfectcalibrationthe estimationof the depthZ
is affectedboth by errorson (v, z, &, f) andthetranslationbiasd, in the estimationof
v, itself. This biaswill induceanerrorin thescenedepthin thefollowing way:

0T

ve Xl
&f [[ull f

We seethatthe biasin depthdZ is proportionalto the distanceof the featurefrom the
opticalcentemwith thesamesignasd,, . In thecasev, is overestimatedthefurtherpoints
arefrom theopticalaxis, thefurtherthey areprojected.Theeffectof calibrationerrorson
theresultingstructurecanbe demonstratetly meansof errorpropagation:

dv, (10)

2 2 2 2
2 ||X||2’Ug 0y, 9 O Ou
oz = (5 +55+ + ) (11)
lall2f2° 02 2 IxI*  [lul?

We seethat the error is againproportionalto ||x||, so the featuresfar from the optical
centerareaffectedmore. In [14] we alsoshovedthatdv, > o,, whichimpliesthatthe

668



errorsdueto both calibrationandoptical flow mostly tendskew the structurethandither
it. This conclusionis independentf the algorithmusedfor the reconstructiorandholds
for generalcameradisplacemenandrotations. Figures 3 and 4 show the skew for a
generamotionon syntheticandrealsequences.
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Figure1: (a) Relationshipbetweentranslationbias asa function of calibrationerror, assuming
thatthe measuremergrrorswerefixed at 70%. Note thatthe biasis approximately0 for an error
of calibrationparametersf about70%. This is the situationwhenthe two biastermscanceleach
other FOV for theseexperimentswas90°. (b) The biasandsensitvity of translationestimates
expressedn angularunitsasafunctionof thecalibrationerrorfor aopticalflow noiselevel of 30%.
Notethatthe biastendsto decreaséor amountsof noisesmallercomparedvith the 30% noiseon
opticalflow andincreaseagainwhenthe calibrationerrorbecomesiominating.

5 Experiments

The experimentsverifying the obsenationsderived in the previous sectionswere per
formedboth on syntheticand real sequencesFor syntheticdatawe adoptedapproach
pursuedn [11]. Thesimulationswere performedfor randomcloudsof 100 points. The
focal lengthwas1 andthe focal planedimensionof 512x512pixels. The FOV, unless
otherwisestated,was chosento be 90°. Motion wasrealizedfor variouscombinations
of translationandrotation. Zero-meanGaussiamoisewasaddedto the component®of
imagevelocitiesandthe standardleviation of suchnoisewaschoserto beconstant.The
rotationalspeedwvasconstanthoserto be0.23 perframe. The magnitudeof the linear
velocitywaschoserin orderto fixatethepointatthe centerof therandomcloudof points.
Thetestedalgorithmswerethoseof Horn[17], HeegerandJepsorj16], Kanatan{13] and
MacLean[8], with the implementationgnadeavailable by [11]. The testedalgorithms
differ in thechoiceof objectie function,leadingto linearor nonlinearoptimizationprob-
lems. Thelinearalgorithmsof [8] and[13] provide a solutionfor correctingthe biasdue
to errorsin temporalmatching. Bias and sensitvity were measuredver one thousand
trials. The camerawasfirst calibratedoff-line severaltimesusingthe Matlab calibration
toolbox[9] andplanarcalibrationgrid, to justify theassumptionabouttheaveragepreci-
sionthatcanbecommonlyobtained.The skew resultswereapproximatelyzeroin all the
testsdone. The reconstructiorof unknovn depthswasobtainedasLLSE problem,with
automatedescalingandis describedn [18]. Theexperimentson bothrealandsimulated
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Figure2: (a) Dependencef the biasdueto noisy calibrationof the FOV of the camera.30%
noiseon camergparameterss generatedvhile opticalflow is noiselessThe magnitudeof the bias
increasesvith increasingf’"OV . (b) Dependencef velocity estimationon FOV for 30%erroron
calibrationparameterandnoise-freeracking.

Figure3: Syntheticsequence Original model(top figures),modeldistortedoy anunderestimated
focallength(bottom-left),modeldistortedby anoverestimatedocal length(bottom-right).

sequencearein Figures3 and 4. Thefiguresdemonstrat¢heeffectof overandunderes-
timation of the focal lengthon the computed3D structure.The flatteningandelongation
areclearlynoticeable.

6 Conclusions

The analysiscarriedout in this paperdemonstratethe sensitvity of structureand mo-
tion estimatiorwith respecto the errorsin cameracalibration.As the main contribution
we demonstratedhat the calibrationerrorsintroducean additionalbiasin the direction
of the optical axis with the oppositesignto the oneproducedby errorsdueto temporal
matching. Underfavorablecircumstanceshe two biastermscanceleachotherleading
to unbiasecestimatesMoreover the biasproducedby erroneougalibrationincreasesn
magnitudeor increasingt’OV . Thisis in contraryto whathappendo thebiasproduced
by noisyimagevelocities,which in additionto that, dependn the directionof transla-
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Figure4: Originalmodel(left) with estimated), = 0.5530; modeldistortedby anunderestimated
focal lengthby 50% (center)with v, = 0.7597; modeldistortedby an overestimatedocal length
by 50% (right) andv, = 0.3975.

tion. TherelationshipbetweenF"OV andthe errorscausedy noisy calibrationis mostly
independenbf the choiceof translationdirection. The linear velocity biaspropagateso

the structureestimationanddistortsthe resulting3D structure. The obseneddistortions
areproportionalto thedistanceof thefeaturefrom the opticalaxis. Thisis shavn analyti-
cally for asimplemotionconfiguratiorandtestedon realsequencesn varietyof motions
in orderto justify the generalityof the previousassessment.

The above obsenationswerederived analytically resortingto someapproximations,
in the context of linear techniques.More extensive simulationsconfirmedthe reason-
ability of the approximationsand justified the intrinsic natureof the calibrationerrors
independendf thealgorithmchoice.

Appendix A

By propagatingheerrorsin calibrationto imagepositionsandimagevelocitieswe present
herecovariancematricesfor noisy featurepositionsandnoisy velocities. The noisyfea-
ture positionx ~ N (0, ¥,) andnoisyimagevelocitya ~ N(0, ¥,,) arenormalrandom
variableswith thefollowing covariancematrices:
2 o L F
L %%+ 7%

2 2 2
2 9F b of
5, LA (f—ZtA— P s,
~ 2 2 U_f 2
f

whereA? is the averagedistanceof the featuresfrom the centerof the projectionunder
theassumptionthatthe featuresareuniformly distributedin theimageplane(i.e. onthe

averageA? & A?) andu® = u + u is theaverage@magevelocity.

1%
N =

+ T
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