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��

CVAP & CAS,Royal Instituteof Technology, Stockholm,SwedenS10044�
Departmentof ComputerScience,GeorgeMasonUniversity, Fairfax,VA 22030

Abstract

This article provides an accountof sensitivity and robustnessof structure
andmotionrecovery with respectto theerrorsin intrinsic parametersof the
camera.We demonstrateboth analyticallyand in simulation,the interplay
betweenmeasurementandcalibrationerrorsandtheir effect on motionand
structureestimates.In particularwe show that the calibrationerrorsintro-
duceanadditionalbiastowardstheopticalaxis,which hasoppositesign to
thebiastypically observedby egomotionalgorithms.Theoverallbiascauses
a distortionof the resulting3D structure,which we expressin a parametric
form. Theanalysisandexperimentsarecarriedout in thedifferentialsetting
for motion andstructureestimationfrom imagevelocities. While the ana-
lytical explanationsarederivedin thecontext of lineartechniquesfor motion
estimation,weverify ourobservationsexperimentallyonavarietyof optimal
andsuboptimalmotionandstructureestimationalgorithms.Theobtainedre-
sultsilluminateandexplain theperformanceandsensitivity of thedifferen-
tial structureandmotion recovery techniquesin the presenceof calibration
errors.

1 Introduction

While the basicgeometricrelationshipsgoverningthe problemof structureandmotion
recovery from imagesequencesarewell understood,the existenceof robust automatic
techniquesfor recovery of motion andstructureis still elusive. Differentaspectsof the
performanceandsensitivity of the existing generaltechniquesfor motion andstructure
recoveryhavebeenaddressedin thepast.While thelist of referencesis by no meansex-
haustive,we mentionherefew morerecentrepresentativeworksaddressingtheproblem.
The intrinsic sensitivity of the differential formulationof the problemhasbeenstudied
thoroughlyusing analytical techniquesas well as simulations[1, 2, 3]. Thesestudies
assumedcalibratedcamerasandfocusedon determiningsensitive directionsof motion,
dependency onthedepthvariationandfield of view [4]. Theprocessof cameracalibration
introducesadditionalerrorsin themeasurements,whichaffect thefinal estimates.This is
the casebothwhenthe camerais calibratedoff-line or whenself-calibrationtechniques
areusedtowardsthis end. With theexceptionof few, thestudyof theseeffects,hasnot
receivedmuchattention.Variousempiricalobservationsregardingthestability of thees-
timationof intrinsic parametersandtheireffecton thestructureestimationin thediscrete
settinghavebeenmadeby Bougnoux[5]. Hepursuedthestratifiedapproachto Euclidean
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reconstructionandexperimentallydemonstratedthat,in spiteof depthdistortionscaused
by calibrationerrors,thebasicgeometricrelationships(orthogonality, parallelism)were
preserved.Theeffectof calibrationerrorsonmotionestimatesin thediscretesettinghave
also beenexplored in [6], assumingnoisefree measurementsof correspondingpoints.
In [7] theauthorsderivedthecovariancesof theparametersof anuncalibratedstereosys-
tem,bothfor fixedcalibrationparametersandfor thehypothesisthatana priori Gaussian
distributionfor thecalibrationparametersis known. Theeffectof thisprior knowledgeon
thequality of thefinal estimateswasdemonstratedin thecontext of nonlinearoptimiza-
tion techniques.In thedifferentialsettingCheong[2] characterizedthedepthdistortions
dueto the freevarying focal lengthusingthe analyticaliso-distortionframework devel-
opedpreviously in theuncalibratedcase.While the iso-distortionframework enablesto
study the intrinsic distortionsasa family of transformationparameterizedby errorsin
motion estimates,it doesnot assumeany particulardistribution of noisein the image
measurementsandcameraparameters.Henceit is notsuitablefor quantifyingthequality
of thefinal estimates.

Wepresentananalyticalstudyof thesensitivity of egomotionandstructureestimation
assumingbothnoisymeasurementsanderrorsin intrinsic parametersof thecamera.Re-
sortingto someapproximations,webothanalyticallyandexperimentallydemonstratethat
theerrorsin calibrationintroducean additional bias term in motionestimation,whichre-
ducesthepreviouslyobservedtranslationbiasreportedin [8]. Theoverall translationbias
distortsthe resultingstructureproportionallyto the distanceof the measurementsfrom
the optical axis. Thesedistortionsarefurther accentuatedby the errorsin focal length
andcenterof theprojection.We offer ananalyticalexplanationof theerrorsintroduced
by calibrationin thecontext of lineartechniques.Theobservationsareverifiedby simu-
lation of a varietyof linearandnonlinearalgorithmsfor structureandmotionestimation
andconfirmtheintrinsic natureof theerrors,makingthemindependentof thealgorithm
choiceandobjective functionused.

2 Problem Formulation

In orderto studytheproblemof motionandstructurerecoveryfor imagesequences,when
theindividualframesarecloselyseparatedin time,weemploy thedifferentialformulation
of theproblem.Thestartingpoint of our analysisarethebasicrelationshipsbetweenthe
motion of a 3D point ����� 	�

��
������ inducedby the cameramotion ����
���� and the
associatedimageplanemotionfield � :������� �"!#� and �$�&%'�)(*�+�,!#-.0/ �1(*�+� (1)

where �� denotesa skew symmetricmatrix associatedwith the vector � , suchthat ��2��234� . The imagepoint (5��� 67
�89
 - � � and its 3D counterpart� are relatedby an
unknown scale

.
, suchthat

. (#�:� , which in the caseof perspective projection is. �;� . The imageplanemotionfield is �<�=� �67
 �8>

?@���A�=� B9CD
EBGFH

?@��� and %I�)(*� , / �)(*�
arefunctionsof imagecoordinatesdefinedasfollows:

%J� KL 6>8 MN� - !O6>PQ� 8� - !R8�PQ� MS6T8 MS6? ? ?
UV;W / � KL M - ? 6? M - 8? ? ?

UV2X
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The above relationshipassumesso called normalizedcameracoordinatesystem (Y�� 6*
�89
 - ��� (with theretinalplaneat �Z� - ). Theretinalplanecoordinatesarerelatedto the
image(pixel) coordinates(G[N�2� 6D[�
E8\[�
 - ��� via matrix ] of cameraintrinsic parameters.
For the purposeof the analysiswe considersimplified modelof the calibrationmatrix
assumingno skew ^`_,�a? andthe aspectratio bJ�dc�ec F � - , where -@fhg C and -\fig F are
horizontalandverticalpixel sizesrespectively. Denoting j C 
Ej F asthecoordinatesof the
opticalcenterprojectionand k asthefocal lengthof thecameraexpressedin pixel units,
thecalibrationmatrix ] is thendefinedas:]l� KL Mmk ? j C? Mmk j F? ? -

UV X
Camera’s field of view (FOV) n is relatedto the dimensionof the focal plane o , withp
qir nI�tsu .

Thefocusof thispaperis to studytheinterplaybetweennoisyimagevelocitiesanderrors
in calibrationandtheireffectsontheresultingmotionandstructureestimates.Weinitially
assumethat thecalibrationparametersareobtainedby anoff-line calibrationprocedure.
For the purposeof sensitivity analysisassumethat the entriesof ] : kG
Ej@CT
Ej@F arecor-
ruptedby zero-meanGaussiannoisev uIwJx �1?T
Ey Pu � , v*z e w&x �{?D

y Pz e � , v*zE| wJx �1?T
Ey Pz | �
respectively. Sincethefocal lengthandopticalcenterpositioncanbemeasuredindepen-
dentlyandthechoiceof theaxisin theretinalplaneis arbitrary, we assumethatthefocal
length k and j C 
Ej F areuncorrelatedrandomvariablesand the errorsin j C and j F are
identicalwith y z e �Jy z |}�Jy z . Theerrorsin calibrationaffect thecoordinatesof feature
positions( aswell asimagevelocities� . Thesearemeasuredin theretinalplaneandare
expressedasnonlinearfunctionsof theintrinsicparametersof thecamerain thefollowing
way:~ 6 8D� ��-k ~ j@C�M$6 [j@F�M�8 [ � � -k ~T� C� F@� and �$��-k � [ ��-k �)( [ �)�*! - ��M�( [ �1����� (2)

where
� C �&j C M�6�[ and

� F �&j F M�8\[ . Notethatimagevelocities� dependonly onthe
focal length k andareunaffectedby the knowledgeof the centerof the projection. We
furtherassumethat thecalibrationerrorsaremuchsmallerthanopticalflow errors.This
approximationis valid for camerascalibratedwith a calibrationgrid wherethe camera
parameterscanbeestimatedwith errorsup to few percent[9]. Theopticalflow errorsare

typically on theorderof a few tensof percent[10], hence �@��� � f �@��u ��� - ?i? . We will refer
to the above assumptionlater in the text andwill useit only to simplify the analytical
derivation.Theexperimentalresultswill beprovidedfor abroadersetof conditions.

Thestudyof theintrinsicsensitivity of themotionandstructureestimationin theana-
lytical settingis adifficult taskdueto thenonlinearnatureof theproblem.With theexcep-
tion of few, thestudiesof sensitivity androbustnesstypically resortto simulations[11].
In thefollowing paragraphwe will demonstratethatby makingsomeapproximationswe
candraw generalconclusionsregardingthebiasnessandsensitivity analytically. In order
to do so,we startwith a linear formulationof thestructureandmotionestimationbased
onthebilinearepipolarconstraint.In Section5 weverify ourobservationsby simulation,
usingawidespectrumof differentmotionestimationalgorithms.
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2.1 Egomotion Estimation

In orderto decouplethe effect of measurementerrorson the structureandmotion esti-
mateswe employ theepipolargeometryformulation.Theepipolarconstraintis obtained
by algebraiceliminationof theunknown depth

.
from theequation(1) andyieldsfollow-

ing relationshipsin calibratedanduncalibratedcase:� � ���(�!O( � ����� (��&? and � � ]R� � ��H]O����(�!O( � ]O� � ������]O����(��J? (3)

Sincetheuncalibrateddifferentialepipolarconstraintdoesnotprovideenoughconstraints
for therecovery of theunknown cameraparametersfrom imagemeasurementsonly, the
completecameraself-calibrationin thedifferentialcaseis notpossible.Equation(3) may
berewritten to highlight thedependenceon theopticalflow as:� % � �1���S�h% P �\���Z%����J? (4)

where% � �1�������� }¡D¢ is alinearfunctionof themeasuredopticalflow and% P �£�� N¡D¤ is
afunctionof theimagepointsalone;vector������¥h
E�¦�§� �hCT
E�hF¨
��h©�

^ � 
�^ P 

^ ¢ 

^`ªi
�^`«i

^ ¤ ���
is associatedwith the unknown parameters� andthe symmetricpart ^£� �P �@��}���!a��¬����
of thematrix ��}�� . Minimizing ­®%��9­¯P leadsto LLSE estimateof � , which is obtainedas
the eigenvectorof %m�7% associatedwith thesmallesteigenvalue. Translationestimate�
is thendirectly availableandangularvelocity � canbeobtainedby decompositionof the
specialsymmetricmatrix ^ . This particularparametrizationandtheassociatedalgorithm
is describedin greaterdetail in [12].

Assumingperfectcalibrationandmeasurementnoisedueto the temporalmatching,
only thecolumnsof % relatedto matrix % � arecorruptedby noise.This causesthe lin-
ear techniquesto leadto biasedestimates.Few techniquesfor removing the biaswere
suggestedby [8, 13]. We will now demonstratethe sourceof this bias and its inter-
play with thebiasinducedby calibrationerrors. If we assumethatcalibrationis perfect
andeachcomponentof � is corruptedby v w°x �1?T
Ey P� � dueto the temporalmatching,
the noisein imagevelocitiesperturbsthe matrix % by ±@% . This perturbationaltersthe
eigenvectorsof %m�*% . It canbe shown usingperturbationtheory for Hermitian matri-
cesthat if ²�� ±��{%m��%��³�£´�µ? , then the eigenvectorsarebiased(see[14] or [15]). First
note that the rows of % � have the form ¶°� ��*( while thoseof % P are of the form· ���)6>P�

¸h6T89

¸h6>¹>
�8�P\

¸h8�¹T

¹�P®� . Lets write the noisefree %m�*% in termsof constraints
( ¶¯º�
 · º ) anddenoteits upper-left blockasD :% � %J�¼» º ~ ¶`º1¶D�º ¶`º · �º· º1¶ �º · º · �º � and ½°�J» º ¶¯º{¶¯º �
The entriesof %m�7% arenonlinearfunctionsof ( and � , which meansthat if theseare
corruptedby zero-meanGaussiannoise,the expectationvalueof the error ±��{%m��%�� in% � % is not zero. Consideringtheerrorsin temporalmatchingonly, it is only theblock
of theerrormatrix ±��1%m��%�� associatedwith ½ thathasexpectationvaluedifferentfrom
zero1. In fact the non-diagonalblock elementsare linear in � and the · º · �º block is
independentof � X Denotethenoisyconstraints¾¶¯º , ¾¶¯º��¿¶¯º�!$v . By propagatingtheerrors

1The expected values for the remaining blocks are zero. In fact ÀSÁ ÂhÃÄÂhÅÃTÆ*Ç4È since ÉhÃ³ÊÌË®Ã are noise free
and ÀSÁ ÂhÃÎÍ ÅÃ Æ�Ï ÀSÁ ÐiÑ Æ�Ç ÀSÁ ÐiÒ Æ�Ç�È with the assumption that components of Ó are IID zero-mean Gaussian,Ô�Õ�ÖN× È Ê³Ø�ÙÚiÛ .
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in imagevelocities � dueto temporalmatchingto theconstraintcoefficients ¶ º , onecan
easilycomputethecovariancematrix Ü0ÝßÞ of ¶¯º . Let ¾½ be thenoisymatrix ½ and ²�� ¾½¦�
its expectationvalue,suchthat ²�� ¾½¦�9�J²�� ½à��!4y�P� Ü where Ü is:

ÜA� » º KL - ? MS6 º? - MS8 ºMS6 º MS8 º 6>Pº !R8�Pº
UV � » º KL ?á? ??á? ??á?á6GPº !R8�Pº M -

UV
(5)

Assuminguniformly distributedfeatures,²��Äâ º 6>º1� and ²��Äâ º 8iº�� areapproximatelyzero
andthepartproportionalto identitycanbeomittedsinceit doesnotchangetheeigenvec-
tors of matrix ½ . We seethat ²��ÄÜ��I´�5? , biasingthe final estimatetowardsthe optical
axis.This hasbeenpreviouslyobservedbothanalyticallyandin simulations[16, 8].

3 Calibration and Egomotion

Supposenow that in additionto the errorsdueto flow computation,we want to under-
standhow arethemotionestimatesaffectedby calibrationerrors.Assumethatcalibration
parametersform a vectorrandomvariable ã&�l� j@CT

j@F¨

k>��� , wherethe individual com-
ponentsare independentnormally distributed randomvariableswith x �{?D
�Ü�äE� , whereÜ�äå�&æiç+è�é���� y Pz 

y Pz 
Ey Pu ��� . Eachcomponentof � is alsocorruptedby errorsv w&x �1?T
Ey P� �
dueto temporalmatching.By propagatingtheerrorsin calibrationto imagepositionsand
imagevelocities,we obtaincharacterizationof thenoisyfeaturepositions ¾( w&x �1?D
�Ü0Ci�
andnoisyimagevelocities ¾� w&x �1?D
�Ü � � asnormalrandomvariables.Theform of these
covariancematricescanbefoundin AppendixA. More detailedderivationcanbefound
in [14]. Consequentlytherandomvariables ¾( and ¾� determinethestructureof theerror±��1%��7%�� via constraints�1¶¯ºE
 · ºÌ� . Similarly asin thecalibratedcasewewill justify, thatthe
expectedvalueof ±��1%m�7%�� is approximatelyblock diagonal.This approximationis valid
giventhehypothesisthat ( and � areweaklycorrelatedand ²�� B9º�� , definedin Appendix
A, is zero.In suchcasewe obtain:²�� ¶ º · �º ��ê&²�� B º �Î²�� 6 ¢º ���&?Ië�²�� B º �9�J? (6)

Theblock relative to · º · �º containscoefficientsof 4ì1í powersin the imagecoordinates.

Undertheassumptionthatopticalflow errorsarebiggerthencalibrationerrors �@��� ��î �@��u � ,

the relative errorsof · º · �º aresmall comparedwith the relative errorsof ¶¯º{¶D�º . Then
similarly asin thecalibratedcasewe canapproximate²�� ±��1%m��%��+� consideringonly the
upper-left block ½ , with all the otherentriesbeingzero. In the presenceof calibration
errorsthe ²�� ¾½¦� is augmentedby two additionalbiastermsin thefollowing way:

²�� ¾½à���Z²�� ½¦�D!Oy P� Ü � !4y PP Ü P where Ü P � » º KL ?ï? ??ï? ??ï?ðBGPCQÞ !OB9PF
Þ
UV

(7)

where Ü � � Ü asin theequation(5) and y�P� and y�PP have thefollowing form:y P� �Y-¸ BGPk P � y�P�B P ! y�Puk P � and y PP �ñ-¸ � Pk P � y�Puk P ! y�Pz� P � (8)
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where
� P is theaveragedistanceof thefeaturesfrom thecenterof theprojection,under

theassumptionthatthefeaturesareuniformly distributedin theimageplane.Its expected
valuecanberelatedto thesizeof theimageplaneas ²�� � P��9�JoHP f¨- ¸ . Usingtheassump-

tion that �@��� ��î �@��u � and ²�� � P¯�*�òo�P f¨- ¸ , theexpressionsfor y�P� and y�PP canbesimplified
to obtain: y P� �Y-¸ y�P�k P and y PP �ñ-¸ y�Puk P � - ! p
qir P n- ¸ � (9)

whereBGP and 6>P aretheaveragevaluesof imagevelocitiesandfeaturepositions.We can

comparethetwo termscontributingto bias: ��� C �P �@��u � and
� �P �@��u � � - !Jó1ô
õ ��ö� P � . Since - M�6>Pis on theaveragenegative, thetwo biastermshave oppositesignsanddampen(or under

favorablecircumstancescancel)eachother. This is demonstratedin Figure 1a where
we computedthe biasasa function of the calibrationerror assuming70% error in the
measurementsof theopticalflow. Similarly for 30%error in theopticalflow, Figure1b
shows how the errorsin calibrationdominatethe precisionof the translationestimates.
Thedetailsof thesimulationsareoutlinedin Section5.

FOV dependency. Equation(9) alsorevealsthedependenceof themotionestimateson
thefield of view n of thecamera.As ÷Nø}ùûú�? theterm - Mà6 P becomes’more’ negative
generatinga strongerbiasaspreviously shown [11]. Theterm y�PP arisingfrom thenoisy
calibrationalsoincreasesfor bigger ÷Nø}ù . Thiseffect is demonstratedin Figure2 where
we calculatedthebiasin � © ( ¹ -componentof the linearvelocity) asa functionof ÷Nø}ù
for noiselessopticalflow and30 % erroron thecalibrationparameters.

4 3D Structure Distortion

In thefollowing sectionwe studytheeffect of thecalibrationerrorson theresulting3D
structure.In orderto separatethesensitivity issuespertainingto thetranslationbiasfrom
thoserelatedto thestructureof thesceneweassumethatthemotionis purelytranslational
in thedirectionof theopticalaxis.Giventhetranslationestimate� © theunknownstructure
is givenby theequation(10). Assumingperfectcalibrationtheestimationof thedepth �
is affectedbothby errorson �)�h©H
E6*
 �6�

k�� andthetranslationbias ±¯ü�ý in theestimationof�h© itself. Thisbiaswill induceanerrorin thescenedepthin thefollowing way:�J� � © 6�6Gk and ±i�J� � © ­�(�­­®��­¯k ±\� © (10)

We seethat the biasin depth ±i� is proportionalto the distanceof the featurefrom the
opticalcenterwith thesamesignas ±`ü
ý . In thecase�h© is overestimated,thefurtherpoints
arefrom theopticalaxis,thefurtherthey areprojected.Theeffectof calibrationerrorson
theresultingstructurecanbedemonstratedby meansof errorpropagation:y Pþ � ­®(�­®P��¨P©­¯�0­ P k P � y�Pü�ý� P© ! y�Puk P ! y�Pz­®(�­ P ! y�P�­®��­ P � (11)

We seethat the error is againproportionalto ­�(�­ , so the featuresfar from the optical
centerareaffectedmore. In [14] we alsoshowedthat ±\�h© î yTü�ý which implies that the
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errorsdueto bothcalibrationandopticalflow mostly tendskew thestructurethandither
it. This conclusionis independentof thealgorithmusedfor thereconstructionandholds
for generalcameradisplacementandrotations. Figures 3 and 4 show the skew for a
generalmotionon syntheticandrealsequences.
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Figure1: (a) Relationshipbetweentranslationbiasasa function of calibrationerror, assuming
that themeasurementerrorswerefixedat 70%. Note that thebiasis approximately0 for anerror
of calibrationparametersof about70%. This is thesituationwhenthetwo biastermscanceleach
other. ÿ���� for theseexperimentswas90� . (b) Thebiasandsensitivity of translationestimates
expressedin angularunitsasafunctionof thecalibrationerrorfor aopticalflow noiselevel of 30%.
Notethat thebiastendsto decreasefor amountsof noisesmallercomparedwith the30%noiseon
opticalflow andincreaseagainwhenthecalibrationerrorbecomesdominating.

5 Experiments

The experimentsverifying the observationsderived in the previous sectionswere per-
formedboth on syntheticandreal sequences.For syntheticdatawe adoptedapproach
pursuedin [11]. Thesimulationswereperformedfor randomcloudsof 100points. The
focal lengthwas1 andthefocal planedimensionof 5123 512pixels. The ÷Nø}ù , unless
otherwisestated,waschosento be 90� . Motion wasrealizedfor variouscombinations
of translationandrotation. Zero-meanGaussiannoisewasaddedto the componentsof
imagevelocitiesandthestandarddeviationof suchnoisewaschosento beconstant.The
rotationalspeedwasconstantchosento be0.23� per frame.Themagnitudeof thelinear
velocitywaschosenin orderto fixatethepointat thecenterof therandomcloudof points.
Thetestedalgorithmswerethoseof Horn[17], HeegerandJepson[16], Kanatani[13] and
MacLean[8], with the implementationsmadeavailableby [11]. The testedalgorithms
differ in thechoiceof objectivefunction,leadingto linearor nonlinearoptimizationprob-
lems.Thelinearalgorithmsof [8] and[13] providea solutionfor correctingthebiasdue
to errorsin temporalmatching. Bias andsensitivity weremeasuredover onethousand
trials. Thecamerawasfirst calibratedoff-line severaltimesusingtheMatlabcalibration
toolbox[9] andplanarcalibrationgrid, to justify theassumptionsabouttheaveragepreci-
sionthatcanbecommonlyobtained.Theskew resultswereapproximatelyzeroin all the
testsdone.Thereconstructionof unknown depthswasobtainedasLLSE problem,with
automatedrescalingandis describedin [18]. Theexperimentsonbothrealandsimulated
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Figure2: (a) Dependenceof the biasdueto noisy calibrationof the ÿ���� of the camera.30%
noiseon cameraparametersis generatedwhile opticalflow is noiseless.Themagnitudeof thebias
increaseswith increasingÿ���� . (b) Dependenceof velocity estimationon ÿ���� for 30%erroron
calibrationparametersandnoise-freetracking.

Figure3: Syntheticsequence: Originalmodel(topfigures),modeldistortedby anunderestimated
focal length(bottom-left),modeldistortedby anoverestimatedfocal length(bottom-right).

sequencesarein Figures3 and 4. Thefiguresdemonstratetheeffectof overandunderes-
timationof thefocal lengthon thecomputed3D structure.Theflatteningandelongation
areclearlynoticeable.

6 Conclusions

The analysiscarriedout in this paperdemonstratesthe sensitivity of structureandmo-
tion estimationwith respectto theerrorsin cameracalibration.As themaincontribution
we demonstratedthat the calibrationerrorsintroducean additionalbiasin the direction
of the opticalaxiswith theoppositesign to the oneproducedby errorsdueto temporal
matching. Underfavorablecircumstancesthe two biastermscanceleachotherleading
to unbiasedestimates.Moreover thebiasproducedby erroneouscalibrationincreasesin
magnitudefor increasing÷Nø}ù . This is in contraryto whathappensto thebiasproduced
by noisy imagevelocities,which in additionto that,dependson thedirectionof transla-
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Figure4: Originalmodel(left) with estimated���
	���
 ������� ; modeldistortedby anunderestimated
focal lengthby 50%(center)with � � 	���
 ������� ; modeldistortedby anoverestimatedfocal length
by 50%(right) and � � 	���
 ������� .
tion. Therelationshipbetween÷Nø}ù andtheerrorscausedby noisycalibrationis mostly
independentof thechoiceof translationdirection.Thelinearvelocity biaspropagatesto
thestructureestimationanddistortstheresulting3D structure.Theobserveddistortions
areproportionalto thedistanceof thefeaturefrom theopticalaxis.This is shown analyti-
cally for asimplemotionconfigurationandtestedonrealsequencesonvarietyof motions
in orderto justify thegeneralityof thepreviousassessment.

Theabove observationswerederivedanalytically, resortingto someapproximations,
in the context of linear techniques.More extensive simulationsconfirmedthe reason-
ability of the approximationsand justified the intrinsic natureof the calibrationerrors
independentof thealgorithmchoice.

Appendix A

By propagatingtheerrorsin calibrationto imagepositionsandimagevelocitieswepresent
herecovariancematricesfor noisy featurepositionsandnoisyvelocities.Thenoisyfea-
tureposition ¾( wòx �{?D
�Ü C � andnoisyimagevelocity ¾� wòx �1?T
�Ü � � arenormalrandom
variables,with thefollowing covariancematrices:

� Ñ�� �� � Ù� Ù ��! ��" �$#  �%& �  ��" � ��" �  ��" � #  �%& �
'( � Ú � ��!) Ù� Ù ��  ��Ú �*#  ��" �  ��" � ��" �  ��+ � #  ��" �

'(
(12)

where
� P is theaveragedistanceof thefeaturesfrom thecenterof theprojectionunder

theassumptionthatthefeaturesareuniformly distributedin theimageplane( i.e. on the
average

� PC � � PF ) and B9Pm�¿B9PC !RB9PF is theaverageimagevelocity.
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