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Abstract

This paperpresentsan iterative maximumlikelihoodframework for motion
segmentationvia thepairwisecheckingof pixel blocks.We commencefrom
a characterisationof themotionblocksin termsof a matrix of pairwisesim-
ilarity weghts for their motion vectors. The eigenvectorsof this similarity
weightmatrix representtheinitial pairwiseclusters,i.e theindependantmo-
tions presentin the scene. We develop a maximumlikelihood framework
which allows to updateboththelink weightmatrix andtheassociatedsetof
pairwiseclusters.We experimentwith the resultingclusteringmethodon a
numberof real world motion sequences.Heregroundtruth dataindicates
thatthemethodcanresultin motionclassificationerrorsaslow as3%.

1 Introduction

Therehasrecentlybeenconsiderableinterestin theuseof probabilisticmethodsfor mo-
tion segmentationandanalysis.At thesegmentation-level severalauthorshave exploited
theapparatusof Markov randomfields[1]. For instance,KonradandDuboishavedevel-
opeda maximuma posteriori probabilityframework for simultaneousmotionestimation
andmoving objectsegmentation[2]. Theselow-level approachesrely on the similarity
in motion,grey-level andappearanceamonggroupsof pixels from the imagesequence.
At higher level several authorsincluding MacleanandJepson[3], Black andAnandan
[4], andAdelsonandWeiss[5] have usedtheEM algorithm[6] to detectindependently
moving objects. Focussingon the issueof optmisation,Isard and Blake [7] have de-
velopeda maximumlikelihoodsamplingmethodknown asCONDENSATION to track
independentlymoving objects.

Therearetwo difficulties which mustbe overcomein motion analysis.The first of
theseis thatof definingmotioncoherence.Mostapproachesadoptamodelbasedoncen-
tral clustering.WhentheEM algorithmis usedtheneachindividualobjectis represented
by aseparateGaussiandistributionof motionvectors.Eachdistributionhasits own mean
motion vectorandcovariancematrix which needto be estimated.The secondproblem
is thatof controlling thenumberof independentmotioncomponents.In the caseof the
EM algorithm, the setof moving objectsis representedusinga mixture modelandthe
orderof themixturemodelis equalto thenumberof moving objectsin thescene.There
aretwo aspectsto theproblemof settingtheorderof a mixturemodel.Thefirst of these
is to choosea utility measurewhich measuresthe tradeoff betweendata-closenessand�
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modelcomplexity [8, 9]. Thepossibilitieshereincludetheminimumdescriptionlength,
theAikakecriterionandlikelihoodratios.Thesecondtaskis how usetheutility measure
to controlthesplittingor mergingof mixturecomponents[10].

Becauseof the dual problemsof estimatingthe parametersof the motion mixture
modelandof controllingits structure,theEM algorithmhasprovedto becumbersometo
usein practice.In this paperwe describea moreeasilycontrolledmotionsegmentation
strategy. The methodusesa maximum-likelihoodmethodto detectmoving objectsby
performingpairwiseclusteringon a setof motionvectors.We commencefrom aninitial
characterisationof themotionstructureusingamatrixof motionblocksimilarity weights.
Theelementsof the matrix arecalculatedfrom the scalarproductsof local motionvec-
tors. Thesemotionvectorsareobtainedusinga block matchingalgorithm. Thenumber
of clusters,i.e. thenumberof independentlymoving objects,is controlledusingthe set
of same-signpositive eigenvectorsof themotionblock similarity weightmatrix. This is
anideathathasits rootsin spectralgraphtheory[11]. In particular, wedraw on thework
of SarkarandBoyer [12] who have usedtheleadingeigenvectorof thesimilarity weight
matrix to performline-grouping.In theso-callednormalisedcut method,Shi andMalik
[13] usethesecondsmallesteigenvalueto thresholdthesimilarity matrix to preformim-
agesegmentation.PeronaandFreeman[14] extendthiswork by showing thatthesecond
largesteigenvectorof theaffinity matrixcanbeusedfor bothpoint-setclusteringandline-
grouping. Weisshasshown how eachof thesemethodscanbe improvedby nomalising
theelementsof thesimilarity weight,or affinity, matrix [15].

However, our novel contribution hereis to castthe spectralapproachinto a proba-
bilistic settingandto exploit it for independentmotiondetection.Startingfrom a model
in which the independentlymoving objectsarerepresentedby a Bernoulli distribution,
we develop a dual-stepapproachto moving objectdetection. This dual-stepalgorithm
is closelyakin to the EM algorithm[6]. In the E-stepwe updatethe clustermember-
shipprobabilitiesIn theM-stepwe locaterevisedmotionblock similarity weightswhich
maximizetheexpectedlog-likelihoodfunction.Thealgorithmiteratesuntil convergence.
In this way we circumvent the problemof definingmotion coherenceto groupmotion
blocks. Our methodis basedon the pairwisesimilarity of velocity vectors,ratherthan
their proximity to thecentreof a cluster. Moreover, thenumberof motioncomponentsis
controlledusingthedistincteigenmodesof thepairwisesimilarity matrix for themotion
vectors.

The outline of this paperis as follows. In Section2 we discussthe useof block-
matchingfor motionvectorestimation.We introducetheuseof segmentationby matrix
factorizationin Section3. In Section4 we describeour maximumlikelihoodframework
for pairwiseclustering. Section5 detailsa hierarchicalrefinementwhich canbe used
to improve the motion field segmentationsreturnedby the pairwiseclusteringmethod.
Experimentalresultson real-world motionsequenceswith groundtruthhareprovidedin
Section6. Finally, in Section7 we concludethe paperandoffer somesuggestionsfor
futurework.

2 Computing Motion Vectors

The motion vectorsusedin our analysishave beencomputedusing a single resolu-
tion block matchingalgorithm [16]. The methodmeasuresthe similarity of motion
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blocksusingspatialcorrelationandusespredictive searchto efficiently computeblock-
correspondencesin different frames. The block matchingalgorithm assumesthat the
translationalmotion from frameto frameis constant.The currentframeis divided into
blocksthatwill becomparedwith thenext framein orderto find thedisplacedcoordinates
of thecorrespondingblock within thesearchareaof thereferenceframe.Sincethecom-
putationalcomplexity is muchlower thantheopticalflow equationandthepel-recursive
methods,block matchinghasbeenwidely adoptedasa standardfor video codingand
henceit providesagoodstartingpoint.

However, thedrawbackof thesingleresolutionblock-matchingschemeis thatwhile
thehigh resolutionfield of motionvectorsobtainedwith small block sizescapturesfine
detail, it is susceptibleto noise. At low resolution,i.e. for large block sizes,the field
of motionvectorsis lessnoisybut thefine structureis lost. To strike a compromisebe-
tweenlow-resolutionnoisesuppressionandhigh resolutionrecovery of fine detail, there
havebeenseveralattemptsto developmulti-resolutionblockmatchingalgorithms.These
methodshave provided good predictive performanceandalso improvementsin speed.
However, oneof themajorproblemswith themulti-resolutionblock matchingmethodis
that randommotionscanhave a significantdegradationaleffect on theestimatedmotion
field. For thesereasons,we haveuseda singlehigh-resolutionblock matchingalgorithm
to estimatetheraw motionfield. This potentiallynoisy informationis refinedin themo-
tion segmentationstep,wherewe exploit hierarchicalinformation.

3 Motion Modes by Matrix Factorization

We posetheproblemof groupingmotionblocksinto coherentmoving objectsasthatof
findingpairwiseclusters.Thisprocessof pairwiseclusteringis somewhatdifferentto the
morefamiliar oneof centralclustering.Whereascentralclusteringaimsto characterise
cluster-membershipusingthe clustermeanandvariance,in pairwiseclusteringit is the
relationalsimilarity of pairsof objectswhich areusedto establishclustermembership.
Althoughlesswell studiedthancentralclustering,therehasrecentlybeenrenewedinterest
in pairwiseclusteringaimedat placing the methodon a moreprincipledfooting using
techniquessuchasmean-fieldannealing[17].

To commence,we requiresomeformalism.The2D velocityvectorsfor theextracted
motion blocksarecharacterisedusinga matrix of pairwisesimilarity weights. Suppose
that

���� and
���� aretheunit motionvectorsfor theblocksindexed � and	 . Theelementsof

this weightmatrix aregivenby
���
����� ��� ���������� ���� � ��!�#" if �%$� 	& ')(+*-,/.)0 ��1 , (1)

The aim in pairwiseclusteringis to locatethe updatedsetof similarity weightswhich
partition the imageinto regionsof uniform motion. To be more formal, let 2 denote
theindex-setof thedetectedmotionblocksin theimageandsupposethat 3 is thesetof
pairwise-clusters,i.e. distinctmoving objects,to which theseblocksareto beassigned.
Theinitial setof clustersaredefinedby theeigenmodesof thelink-weight matrix


 ��
�� .
Herewe follow SarkarandBoyer [12] who have shown how thepositive eigenvectorsof
thematrix of link-weightscanbeusedto assignobjectsto perceptualclusters.Usingthe
Rayleigh-Ritztheorem,they observethatthescalarquantityx 4̄ 
 ��
5� x

¯
is maximisedwhen
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x
¯

is the leadingeigenvectorof

 ��
5� . Moreover, eachof the subdominanteigenvectors

correspondsto a disjoint pairwisecluster. They confinetheir attentionto the same-sign
positive eigenvectors(i.e. thosewhosecorrespondingeigenvaluesarereal andpositive,
andwhosecomponentsareeitherall positive or areall negative in sign). If a component
of a positive same-signeigenvector is non-zero,then the correspondingobjectbelongs
to the associatedclusterof motion blocks. The eigenvalues 6 �)7 6 � �8�9�9� of


 ��
5� are the
solutionsof theequation: 
 �8
��<; 6>=?: � &

where = is the : 2@:BAC: 2@: identity matrix. The
correspondingeigenvectorsx D̄)E 7 x D̄/F 7 �9�8� are found by solving the equation


 ��
5� x D̄#G �6 � x D̄/G . With this notation,the setof positive same-signeigenvectorsis representedby3 �IH/J : 6>KML &%NPO � x Q̄K � � " L &)R � "�S x Q̄K � � "UT &)R �WV "5X .
4 Maximum Likelihood Framework

In thispaper, weareinterestedin exploiting thefactorisationpropertyof SarkarandBoyer
[12] to developa maximumlikelihoodmethodfor updatingthe motion block similarity
weight matrix



with the aim of developingan easilycontrolledmotion segmentation

method.We commenceby factorisingthelikelihoodover thesetof modalclustersof the
motionblocksimilarity weightmatrix. Sincethesetof modalclustersaredisjointwecan
write, Y � 
 " �[ZKB\^] Y �`_ K " (2)

where
Y �`_ K " is theprobabilitydistribution for thesetof motionblocksimilarity weights

belongingto themodal-clusterindexed J . Next, we assumethat thereareputative links
betweeneachpair of motion blocks � � 7 	 " belongingto the cluster. The setof putative
links is _ K � 2>KCAa2BK ; H � � 7 � " : �cbd2 X . If themotionblock similarity weightsfor the
individualclustersareindependentof oneanother, we canwriteY �`_ K " � Z� ��� � �`egfBh Y � 
 ��� � " (3)

To proceed,werequireamodelof probabilitydistributionfor themotionvectorsimilarity
weights.To developthis model,we introducea clustermembershipindicator 1 � K which
representsthe degreeof affinity of the object indexed � to the clusterwith modal indexJ . Ourmodelis developedundertheassumptionthatthemotionblocksassociateto form
objectsor clustersundera Bernoulli distribution. The parameterof this distribution is
the similarity weight


 �i� � . The probability that the block associationis correctis

 �i� �

while theprobabilitythat it is in erroris � ; 
 �i� � . To gaugethecorrectnessof theblock
association,we checkwhethertheblocks � and 	 belongto thesamepairwisecluster. To
testfor cluster-consistency wemakeuseof thequantity 1 � K!1 � K . This is unity if bothblock
belongto thesameobjector clusterandis zerootherwise.Usingthisswitchingproperty,
theBernoulli distributionbecomesj � 
 ��� � " � 
lk G h k`m h��� � ��� ; 
 ��� � " �on k G h k`m h (4)

Thisdistributiontakesonits largestvalueswheneitherthemotionvectorsimilarityweight
 �p� is unity and 1 � K � 1 � K � � , or if

 �i� � � &

and 1 � K � 1 � K � &
.

With theseingredientsthe log-likelihoodfunction for the observed observed setof
motionvectorsimilarity weightsis
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q �srK e ] r� ��� � �`egfBh�t 1 � K 1 � Kcu8v 
 �w� �x�+� ; 1 � K 1 � K " u9v ��� ; 
 �i� �#"zy (5)

After somealgebrato collectterms,thelog-likelihoodfunctionsimplifiestoq �{rK e ] r� �i� � �|egfBh�t 1 � K?1 � K u8v 
 �w�� ; 
 �w� � u9v �+� ; 
 ��� � ")y (6)

Posedin this way thestructureof thelog-likelihoodfunctionhasseveralfeaturesthat
arereminiscentof thatunderpinningthe expectation-maximisationalgorithm. First, the
modesof themotionvectorsimilarity weightmatrixplay theroleof mixing components.
Second,the productof cluster-membershipvariables1 � K!1 � K playsthe role of an a pos-
teriori measurementprobability. Third, thesimilarity weightsarethe parameterswhich
mustbeestimated.However, thereareimportantdifferences.Themostimportantof these
is thatthemodalclustersaredisjoint. As a resultthereis no mixing betweenthem.

Basedon this observation,we will exploit an EM-like processto updatethe motion
block similarity weightsandthecluster-membershipvariables.In the “M” stepwe will
locatemaximumlikelihood block similarity-weights. In the “E” stepwe will usethe
revisedsimilarity-weightmatrix to updatethe modalclusters.To this endwe index the
similarity weightsandclustermembershipswith iterationnumberandaimto optimisethe
quantity} � 
 �8~g� � � : 
 �8~^� " ��rK e ] r� ��� � �`egf>h�t 1 �8~^�� K 1 �8~^�� K u8v 
��8~^� � ��w�� ; 
 �8~^� � ��p� � u8v �+� ; 
 �9~^� � ���� � ")y (7)

The revised motion block similarity weightsare indexed at iteration � ��� while the
cluster-membershipsareindexedat iteration � .

4.1 Expectation

To updatethecluster-membershipvariableswe have useda gradient-basedmethod.We
havecomputedthederivativesof theexpectedlog-likelihoodfunctionwith respectto the
cluster-membershipvariable� } � 
 �8~^� � � : 
 �8~^� "� 1 �8~g� � �� K � r� e���h 1 �8~^�� K u8v 
 �8~^� � ��w�� ; 
 �8~^� � ��p� (8)

Sincethe associatedsaddle-pointequationsarenot tractablein closedform, we usethe
soft-assignansatzof Bridle [18] to updatetheclustermembershipassignmentvariables.
This involvesexponentiatingthe partial derivativesof the expectedlog-likelihoodfunc-
tion in thefollowing manner1 �8~g� � �� K � ���������#� �����p�#� EW��� ���w� � �� k �w� �G h �� � e�� h ����� � �#� ��� �w�/� E�� � � �p� � �� k �p� �G h � (9)
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As a resulttheupdateequationfor theclustermembershipindicatorvariablesis

1 �8~^� � �� K � ����� � � � e�� h 1 �8~g�� K u9v � �p�/� EW�G�� m�on � �w�/� E��G m �� � e���h ������� � � e���h 1 �8~^�� K u8v � �w�/� E��Gi� m�on � �p�/� EW�G m � � � � e�� h t � �p�/� EW�G�� m�on � �w�/� E��G m y k �w� �m h� � e�� h � � e�� h t � �w�/� E��G m�on � �p�/� EW�G m y k �p� �m h
Weinitialise theclustermembershipsusingthecomponentsof thesame-signpositive

eigenvectors.We set 1 ��
5��8  � : x Q̄K � � " :� � e�� h : x Q̄K � � " : (10)

Usingthesevariables,wedevelopa modelof probabilitydistribution for thesimilarity or
link weightsassociatedwith theindividualclusters.

4.2 Maximisation

Oncethe revisedclustermembershipvariablesareto handthenwe canapply the max-
imisationstepof thealgorithmto updatethemotionblock similarity weightmatrix. The
updatedentriesof the weight matrix arefound by computingthe derivativesof the ex-
pectedlog-likelihoodfunction� } � 
 �9~^� � � : 
 �8~g� "� 
 �8~^� � ��p� � rK e ]¢¡ �8~^���� � � K t 1 �9~^�� K 1 �8~^�� K �
 �8~^� � ��p� �+� ; 
 �8~g� � ��p� " ; �� ; 
 � 	 �8~^� � � y

(11)
andsolvingthesaddle-pointequations� } � 
 �9~^� � � : 
 �8~g� "� 
 �8~^� � ��w� � &

(12)

As a resulttheupdatedelementsof theweightmatrix aregivenby
��8~^� � ��p� �£rK e ] 1 �8~^�� K 1 �8~g�� K (13)

In otherwords, the similarity weight for the pair of blocks � � 7 	 " is simply the average
of theproductof individual clustermembershipsover thedifferentclusters.Sinceeach
modeis associatedwith a uniquecluster, this meansthat the updatedaffinity matrix is
composedof non-overlappingblocks.Moreover, themotionblock similarity weightsare
areguaranteedto bein theinterval

O & 7 � V .
5 Hierarchical Motion Segmentation

As mentionedearlier, we usea single-level high-resolutionblock-matchingmethodto
estimatethe motionfield. The resultingfield of motion vectorsis thereforelikely to be
noisy. To controltheeffectsof motion-vectornoise,wehavedevelopedamulti-resolution
extensionto theclusteringapproachdescribedabove.

Theadoptedapproachis asfollows.
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Figure1: Motion segmentationsystem.¤ We obtain the a high resolutionfield of motion vectors ¥§¦ usingblocksof size
k-pixelsanda low-resolutionmotionfield ¥©¨ usingblocksof size ªg« pixels.¤ We applyour clusteringalgorithmto the low resolutionmotionfield ¥©¨ . We note
thenumberof clusters¬­¨ detected.¤ We make a secondapplicationof our clusteringalgorithmto the hight-resolution
motionfield ¥ ¦ . Hereweselectonly thefirst ¬­¨ eigenvaluesof themotion-vector
similarity matrixasclustercentres.

In thiswaywesuccessively performthemotionestimationat low andhighresolution.
The numberof clustersdetectedat low resolutionis usedto constrainthe numberof
permissiblehigh resolutionclusters. This allows the high-resolutionclusteringprocess
to deal with fine detail motion fields without succumbingto noise. Thereis scopeto
extendthe methodanddevelopa pyramidalsegmentationstrategy. The structureof the
hierarchicalsystemcanbeseenin Fig 1.

6 Experiments

We have conductedexperimentson motionsequenceswith known groundtruth. In Fig-
ure3 weshow someresultsobtainedwith fiveframesof thewell-known “Hamburg Taxi”
sequence.The top row shows the hand-labelledground-truthsegmentationfor the mo-
tion sequence.Thesecondrow shows thecorrespondingimageframesfrom themotion
sequence.In thethird andfourth rows we respectively show the low resolutionandhigh
resolutionblockmotionvectors.Thelow-resolutionuses�#® A �#® pixel blocksto perform
motioncorrespondenceandcomputethemotion vectors;for thehigh resolutionmotion
field the block sizeis ¯°A±¯ pixels. The fifth row shows the moving objectssegmented
from themotionfield usingpairwiseclustering.In eachframethereare3 clusterswhich
matchcloselyto the groundtruth datashown. In fact, the threedifferentclusterscorre-
spondto distinct moving vehiclesin the sequence.Theseclustersagainmatchclosely
to theground-truthdata. It is interestingto notethat theresultsarecomparableto those
reportedin [19] wherea5 dimensionalfeaturevectorandaneuralnetwork wasused.The
proposedalgorithmconvergesin anaverageof four iterations.
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In Table1 we provide a morequantitive analysisof theseresults.Thetablelists the
fractionof thepixelsin eachregionof thegroundtruth datawhich aremisasignedby the
clusteringalgorithm. The bestresultsareobtainedfor the chest-region, the taxi andthe
far-left car, wheretheerrorrateis a few percent.For thefar-right carandtheheadof the
Trevor White,theerrorratesareabout10%.Theproblemswith thefar-right carprobably
relateto thefactthatit is closeto theperipheryof theimage.

Figure2: Top row: groundtruth for the1st,4th, 8th,12thand16thframeof the”Hamburg Taxi”
sequence;Secondrow: original frames; Third andfourth row: resolutionmotionmaps;Fifth row:
Finalmotionsegmentation;Bottomrow: smoothedmotionmaps.
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Sequence Cluster Average% Error
Ham.Taxi Taxi 5.4%
Ham.Taxi FarLeft Car 4.8%
Ham.Taxi FarRightCar 11.9%

Table1: Averageerrorpercentagefor thetwo imagesequences.

Finally, in Figure4 we show the total probability mass² �8~^�K � ��³ e�� 1 �8~g�� K for each
clusterJ asfunctionof iterationnumber� . Thisplot shows thattheclustermemberships
convergein about3 iterations.

7 Conclusions

We have describeda maximum-likelihoodframework for segmentingfields of motion-
vectorsinto independantlymoving objects. The proposedalgorithm locatespairwise
clustersof motionblocksusingthesimilarity of their motion-vectors.We developa log-
likelihood function underthe assumptionthat the similarity weightsfor motion blocks
belongingto the samepairwiseclusterfollow a Bernoulli distribution. We develop an
algorithmfor iteratively updatingthepairwiseclustersof motionblocks. Thealgorithm
is reminiscentof the EM algorithm. In the E-stepwe updatethe clustermembership
probabiliiesfor individualmotionblocks.In theM-step,theupdatedclustermembership
probabilitiesareusedto makerevisedestimatesof thepairwisesimilaritiesof themotion
blocks.Whenappliedto realworld imagesequences,themethodis capbleof delivering
segmentationswith errorratesof a few pecent.Oneof theadvantagesof themethodover
theconventionalEM lagorithm,widely usedin motionsegmentationexperiments,is that
the numberof motion components(i.e. moving objects)is controlledusing the eigen-
modesof thematirxof pairwisesimilarity weightsfor themotionblocks.Thisavoidsthe
needto searchfor theoptimalnumberof mixturecomponents,and,to controlthesplitting
or mergingof existingcomponents.
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