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Abstract

The Tracetransformis a generalisatiorof the Radontransformthat allows
usto construcimagefeatureshatareinvariantto a chosengroupof image
transformationsltn this papemwe proposdunctionalsvhichcanbecomputed
from the imagefunction, and which can be usedto describeobjectsin a
way thatis invariantto the groupof affine transforms.We demonstratéhe
usefulnes®f the constructedmagedescriptorsn retrieving imagesfrom an
imagedatabaseandcompardt with the momentdasednethod.

1 Intr oduction

Imageanalysisrequiresthe useof imagefeaturesthat capturethe characteristicef the
objectsdepictedso that they are invariantto the way the objectsare presentedn the
image. Historically, the processof extractingimagefeatureshasbeenanthropocentric:
thefeaturescalculatedaredefinedin a way that captureshe attributesthe humanvision
systemwould recognisen the image. Thus, featureslike compactnessglongatedness,
brightnessetc arefeatureswhich have somephysicaland perceptuameaning. It is not
however necessaryor the featuresto have a meaningto the humanperceptionin order
to characterisavell an object. Indeed,featureswhich broadenthe humanperception
may prove to be moreappropriatefor the characterisationf complex structureslike the
objectsoften one wishesto identify in animage. In the next sectionwe shall present
the backgroundo a new theorythat hasbeenproposedecentlyfor constructingmage
featureghathave desiredoropertiesln section3 we shallpresenthe modificationof this
theoryfor the constructiorof featurednvariantto affine distortions.In section4 we shall
presensomeexperimentakesultsandwe shallconcludein sectionb.

2 Feature construction from the Trace Transform

Letusimagineanimagecriss-crossetly all possibldinesonecandraw onit. Eachlineis
characteriselly parameterg andp definedn figure 1. TheRadorntransformof theimage
is a 2D representationf theimagein coordinatesp andp, with the valueof theintegral
of theimagecomputedalongthecorrespondindjne placedatcell (¢, p). It iswell known
thatanimagecanbe fully reconstructedrom its Radontransform. This is the basisof
computerisedomography The Tracetransformcalculatesa functionalT' over parameter
t alongline (¢, p), whichis notnecessarilyheintegral of theimage.Onethencalculates
anotheifunctional, P, alongthe columnsof the Tracetransform e over parametep, and
finally a functional ® over the string of numberscreatedthis way, ie over parametekp.
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Figurel: Definition of the parametersf animagetracingline

Theresultis a singlenumber With an appropriatechoiceof the threefunctionalsT’, P
and ®, one canmalke this numberto be invariantto a certaingroup of transformations.
In [4] we presentedhefunctionalsoneshouldusein orderto producefeaturesnvariant
to rotation,translationandscaling.In [5] we presentedomefunctionalsoneshoulduse,
sothatthe producedfeaturesareinvariantto affine distortions. In this paperwe arenot
goingto attemptto characteris@n objectby a singlenumberproducedby the cascaded
applicationof thethreecarefullychoserfunctionalT', P and®, but insteadwe aregoing
to useonly thefirst two functionals.Using only functionalsT and P oneafterthe other
will allow usto characteris@n objectby a string of numberssomethindik e the object
“signature”. We call this “signature”the “circus” function, becauset is a function of
the angleparameterp. In the next sectionwe shall shov how thesesignaturescanbe
produced,so that if they correspondo two objectsthat are affine distortionsof each
other, they differ only by a shift.

3 Affine distortions

The basicideabehindthe Tracetransform-basefeatureconstructions the obsenation
thatlinesremainunchangedvhentheimageundegoeslinearor affine distortions.What
changeshowever, arethe parametersn termsof which eachline is definedandthe pa-
rameterdefinedalongeachline. If theimagehasundegonean affine distortiondefined
by matrix A andtranslationvectors, thenthe parameter®f aline in the distortedim-

ag€tnew, Pnew aNd Pneyw, aregivenin termsof the parametersf the sameline in the
undistortedmageby thefollowing equations:

thew = k(¢)t +b (¢)p +ba (¢)
= c(¢)p+d(9)
Onew = p(¢)
wherek(¢), b1(9), ba(d), c(¢), d(¢) andp(¢p) aresomecomplicatedfunctionsthatcan
be expressedn termsof the elementof matrix A andvectors.
Beforewe proceedwe mustdefinethetypeof functionalwe shalluse namelyinvari-

ant to displacement functionals.
A functionalZ of afunctioné(z) is invariant if

E((z+0) =E((z)), VbeR (I1)

pnew
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An invariantfunctionalmayalsohave the following additionalproperties:

¢ Scalingtheindependentariableby a, scalesheresultby a*=:
E(¢(ax)) = a"*E({(x)), Va>0 (i1)
¢ Scalingthefunctionby ¢, scalesheresultby c*=:
E(cf(x)) = =E(£(2)), VYe>0 (i2)

In theabove expressions:z and A=z aresomenumberswhich characteriséunctional

If we choosefunctionalsT and P that obey the above properties,and apply them
to theimagefunction, we shall derive the “circus” function h(¢) thatcharacterisesach
image.lt is to this “circus” functionthatin [5] we applythefinal functional® in orderto
producetheinvariantfeaturewhichis justanumber Here,however, we shallusefunction
h(¢) itself asthe signatureof the object.

It canbeshown thatthetwo “circus” functionsassociateavith thetwo versionsof the
sameimagethatareaffine distortionsof eachother arerelatedby the following expres-
sion:

hi(¢) = k()T #7777 |ATHRF hy(p(9)) 1)

Next, we definedthe concepif the“associatedircus” h, (¢) to agivencircush(g):

ha() = |h(g)| 7t/ Arrr=rr) )

Notethataswe assumehatwe have alreadychoserfunctionalsT and P, the values
of Ar, kr andkp areknown.
If A\rkr — kp = 0, we definethe“associatedircus” by

dh(¢) ‘
d¢

Theseassociatedircusescanbe further normalisedin a way describedn detailin

[5] to definethe “normalisedassociatedircusfunctions”. Let us considertwo of them,

hn1(9) and h,a(¢), which correspondo the original and the affinely distortedimage
respectiely. It canbe shavn thatthey areassociatedby thefollowing equation:

ha(9) = /| ®

hm(¢) = |ATHFP7D 21y (¢ + 1)) 4)

If \rkr — kp = 0, thisexpressiortakestheform h,,1 (¢) = hna2(é + ).

Herey is someanglewe arenotinterestedn. It canbeusedto extractthe parameters
of theaffine transform but we arenotgoingto do this here.

Now we have definedthesenormalisedassociatedircus functions,the problemof
identifying an objectis reducedto that of comparingtwo strings of numbersthat are
shiftedandpossiblyscaledversionsof eachother
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4 Experimental results

To demonstrateur ideaswe considera databaseonsistingof 60 imagesof fish. The
mostcommonlyusedmethodfor affine invariantdescriptionof imagesis that of Flusser
andSuk|[1, 2, 3]. It is basedon the calculationof momentsof the objectto be described
andthe combinationof thesemomentsto form affine invariantdescriptors. Affine in-
variantmomentshave beenwidely usedin mary applications,eg [6]. Throughoutthe
experimentswe shall presentwe shall compareour methodwith the momentsmethod.
The proposerf the momentsmethodhave suggestedhe useof either4 or 6 invariant
momentsfor the descriptionof objects[3]. We run all our experimentsfor both cases.
The useof 6 momentsproducedbetterresultsthanthe useof 4 moments,so we only
presenthoseresultshere.As ameasur@f similarity betweertwo imageswve usethesum
of the absolutadifferencedetweerthe six correspondingnvariantmoments Beforethis
sumis taken, eachmomentis normalisedby beingdivided with an appropriatenumber
sothatall invariantfeaturescombinedare of the sameorderof magnitude The six affine
invariantsusedaredefinedbelow:

1
L = —(u2opoz — p3,)
Foo
1 o
I, = F(uéougg — 6psopta1 a2 ftos + Apsopts + Aoz 3y — 3pay pls)
00
1
I; = MT(mO(ugluog — /ﬁg) — pa1(p3op03 — po1fia2) + poz (p3otiz — Ng1))
00
1
I, = F(ugoufm — B30k 203 — BLi3g a1 o2 kos + Iu3okoz s + 121201471 o3 a1
00

+6404411 fo2 3003 — 18120411 o2 a1 2 — SH¥1 o330 — Bliao ae o 12
+Op0 g3y + 12083, pozpsotine — BTy Ko isoka1 + K H30)

1
Iy = —5(paotos — 4ps1pins + 3pu3,)
Hoo
1
Is = HT(M40M04M22 + 2p31 2213 — M40M%3 - M04,u§1 - u§2)
00

wherep,, is definedby

Hpg = //objgct f(xay)(x - xt)p(y — Z/t)qdl'dy (5)

with f(x,y) beingthe grey level imagefunction, and (z;, y:) the centreof massof the
object.
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Figure 2: First column: exampleimagesin the database Secondcolumn: imagesdis-

tortedby spatiallyvariantillumination; theillumination varieslinearly from left to right,

beinga multiplicative factorof 0.8 atoneendand1.2 attheother Third column:images
distortedby affine distortion. Fourth column: Imagesdistortedby nonlineardistortion
with paramete(maximumshift along the middle horizontalline and along the middle
vertical line) 35 pixels; shifting decrease$o 0 asthe inversesquaredistancefrom the
centreasthe edgesare approachedLast column: imagesdistortedby affine distortion
andtwo blobsof radius15 pixelsandrandomlychosergrey valueaddedat randomposi-
tionsin theimage.

For thetracetransformmethod,eachimage,beingof size200 x 400, wastracedby
linestwo pixelsapart,ie the valuesof parametep for two successie parallellinesused
differedby 2. For eachvalueof p 80 differentorientationswvereused,ie the orientations
of thelineswith the samep differedby 4.5° Eachline wassampledwith pointstwo pixels
apart,ie parameter took discretevalueswith stepequalto 2 inter-pixel distances.

We usedfour differenttracefunctionals’ computedalongeachtracingline:

o Ti: [ f(t)dt, wheref(t) is thevalueof theimagefunctionalongthetracingline.

o Ty [[f f(t)tdt])"*
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e T3: Theweightedmedianvalueof the samplepoints f(¢,,) alongtheline?.

o Ty [f |FT(f)|4dw]1/4, whereF'T'(f) meanshe Fourier Transformof f(t).

Thesefour functionalswerecombinedwith threedifferent P functionalsto producea
total of 12 circusfunctionsto characterisanimage:

o« Pi:[f f(p)0'5dp]2. Here f (p) is thefunctionmadeup from the valuesof thetrace
tranformalongacolumn,ie eachf(p) is characterisebly adifferentvalueof angle
¢ whichis the parametemeasuredlongthe horizontalaxis of thetracetransform.

o Py [ |42 |t

e P;: Theweightedmedianvalueof the samplepoints f(p,,) alongeachcolumnof
thetracetransform.Theweightsusedare| f (pn11) — f(Pn—1)|.

To comparetwo circuses,one from a referenceémageand one from the queryim-
age,we computetheir correlationcoeficient for all possibleshifts via the fast Fourier
transform.We choosehe maximumvalueover all shifts. Two circusesaremostsimilar
whentheir correlationis maximum.To expressthis asa distancethatis smallestfor most
similarity, we take theinversecosineof the maximumvalueof thecorrelationcoeficient.
Thisis equivalentto measuringhe distancebetweertwo vectorsby measuringheangle
betweerthem,andit is 0 whenwe have maximumcorrelation.This way we producel2
differentnumberswhenwe comparetwo images. We useas measureof similarity the
sumof thesmalles® of thesenumbers.

The two methodswere comparecdon the way they respondo differenttypesof dis-
tortion presenin thetestimagewhenwe aretrying to identify it in the databaseFigure
2 shawvs theimagedeformationaused.In thefirst columnwe presensomeentriesin the
databaseln thesecondccolumnwe haveimposedasmallillumination distortionto theim-
agesby multiplying their gray valueswith alinearillumination functionthatvariesfrom
left to right andit hasvalue0.8 ontheleft and1.2 ontheright. Thisis avery smallnon-
uniformillumination effect, neverthelessve shallshowv thatthe momentamethodbreaks
downin thiscasewhile the proposednethoddoesnot. In thethird columnof figure2 we
have appliedjust affine distortionsto theimages.In the fourth columnwe have applieda
non-lineardistortion,asfollows: All pixelswereshiftedfirst from left to right by a shift
thathada parabolicprofile which was maximumin the middle and0 alongthe top and
bottomedges.Thenall pixelswereshiftedfrom top to bottom,alsoby a parabolicprofile
andit wasmaximumin the middle and0 alongthe left andright edges.The maximum
shiftin themiddleis the parameteof this distortion,andin this particularexampleit was
35pixels. In thelastcolumnof figure2 we presenthedeformationconsistingof anaffine
distortionandthe additionof two randomblobsof uniform graynessn theimage.

1If asamplehasweightwy,, its valueis repeateduv,, timeswhencomputingthe median.The weightsused
herewerew, = f(tn).
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Figure3: Firstcolumn: examplequeryimages.Subsequertolumns retrievedimagesn
orderof similarity, whenthetracetransformmethodwasused.

Figured4: Firstcolumn: examplequeryimages.Subsequertolumns etrievedimagesn
orderof similarity, whenthe moments-baseghethodwasused.

Figure3 shovs afew examplesof answergecevedwhenqueryingthedatabaseThe
first columnis the queryimage. The subsequentolumnsshaw the five mostsimilar fish
retrieved from the databaseén orderof similarity attachedo them. Figure4 shaws the
resultobtainedfor the samequeryimageswhenthe momentsnethodwasused.

The summaryof the resultsof all our experimentsarepresentedn tables1—7. In all
theseableswe putin thefirst columnthenumberof timesthequeryfishwasretrievedas
thefirst choice.Iln columns2—5we putthenumberof timesit wasretrievedin the2nd-5th
position.In thelastcolumnwe putthenumberof timesthe queryfishwasretrievedin the
6th positionandbeyond.

Table 1 shaws the resultswhenonly affine distortionwas presentje the casewhen
theassumptionsn which bothapproachearebasedareideally satisfied.

Table2 shawvstheresultsfor addedGaussiamoiseto theaffinely distortedimage(the
wholeimage,notjustthe object)with variousstandardieviations.
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Method Affine
Trace 5710|1001
Moments|| 51|42 | 0|03

N

Table 1: Affine distortion with matrix (random_rotation) x diag(1,0.6) X
(random_rotation)

Method Affine+Gaussiamoise
oc=2

Trace 271516 (2|1]19

Moments| 3 | 2|2 |3| 2|48
oc=25

Trace 215|322 27

Moments| 2 |1|(3|1| 2|51
=10

Trace 15(3|2|4| 2| 34

Moments| 2 |12 |3| 0|52

Table 2: Affine distortion with matrix (random_rotation) x diag(1,0.6) x
(random _rotation) plus Gaussiamoiseaddedto thewholeimage

Table 3 shaws the resultswhenthe distortion of the queryimagesis not affine but
non-linearwith variousparametewalues.

Table4 shaws the resultswhenthe distortionof the queryimagesis affine plus non-
linearwith parameteg0.

Table5 shaws the resultswhenthe distortionof the queryimagesis non-linearwith
parameted. 0 andthereis non-uniformillumination with factor0.8 ontheleft and1.2 on
theright.

Table6 shaws theresultswhenthe distortionof the queryimagesis non-linearwith
parameted 0, thereis non-uniformillumination with factor0.8 ontheleft and1.2 onthe
right, plusaffine distortion.

Finally table7 shavstheresultswhenthedistortionof thequeryimagess affine plus
2 blobsof radius15 pixelseachhave beenaddedat randompositionsin theimage.

5 Conclusions

Fromall theresultspresentedh tablesl—7,we canseethatthe methodbasedninvariant
momentsand the methodbasedon the tracetransformhave comparatre performance
whenthe assumption®n which they are basedarefulfilled, ie whenthe queryimages
areonly affinely distorted. However, if theimagesaredistortedin a differentway, the
tracetransformmethodis muchmorerobust. The momentsasedmethodis particularly
sensitve to distortionsthat affect the “centre of gravity” of the image,like non-uniform
illumination andthe addition of blobswhich could representlutter or local damageof
theimage.
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Table 3: Non-linearimagedistortionfor variousparametewraluesindicatingmaximum

shift

Table 4:

Method Non-linear
parameter=10
Trace 58| 0O 1(0|]0]| 1
Moments|| 57| 1 1(0|]0]| 1
parameter=20
Trace 35| 2 211|218
Moments| 22| 10| 9 | 5| 5| 9
parameter=35
Trace 9| 4 211|341
Moments|| 11| 2 | 11| 3| 3| 30

Method Affine+non-linear
Trace 271 2 | 310|127
Moments|| 24| 11| 3| 5| 4| 13

Affine distortion with matrix (random_rotation) x diag(1,0.6) x

(random_rotation) plusnon-lineardistortionwith parametef0

Table5: Non-lineardistortionwith parametevalue10andnon-uniformillumination with

Method Non-linear+Illum
Trace 571 021|100
Moments|| 35104 | 1|3 |7

value0.8 ontheleft sideof theimageand1.2 ontheright side

Table 6: Non-lineardistortionwith parametewalue 10 plus non-uniformillumination
with multiplicative value0.8 on theleft sideof theimageand1.2 ontheright plusaffine

distortion

Method || Non-linear+lllum+ affine
Trace 40| 7 |4|13]1]| 5
Moments|| 27 | 11| 4| 3| 2| 13

Method Affine+Two blobs
Trace 5211|100 2]|5
Moments|{ 30| 9(9|1|3|8
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Table7: Affine distortionplustwo randomblobsof radius15 pixels
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