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Abstract

The Tracetransformis a generalisationof the Radontransformthat allows
us to constructimagefeaturesthatareinvariantto a chosengroupof image
transformations.In thispaperweproposefunctionalswhichcanbecomputed
from the imagefunction, and which can be usedto describeobjectsin a
way that is invariantto the groupof affine transforms.We demonstratethe
usefulnessof theconstructedimagedescriptorsin retrieving imagesfrom an
imagedatabaseandcompareit with themomentsbasedmethod.

1 Intr oduction

Imageanalysisrequiresthe useof imagefeaturesthat capturethe characteristicsof the
objectsdepictedso that they are invariant to the way the objectsare presentedin the
image. Historically, the processof extractingimagefeatureshasbeenanthropocentric:
thefeaturescalculatedaredefinedin a way thatcapturestheattributesthehumanvision
systemwould recognisein the image. Thus,featureslike compactness,elongatedness,
brightnessetc arefeatureswhich have somephysicalandperceptualmeaning.It is not
however necessaryfor the featuresto have a meaningto the humanperceptionin order
to characterisewell an object. Indeed,featureswhich broadenthe humanperception
mayproveto bemoreappropriatefor thecharacterisationof complex structures,like the
objectsoften onewishesto identify in an image. In the next sectionwe shall present
the backgroundto a new theorythathasbeenproposedrecentlyfor constructingimage
featuresthathavedesiredproperties.In section3 weshallpresentthemodificationof this
theoryfor theconstructionof featuresinvariantto affinedistortions.In section4 weshall
presentsomeexperimentalresultsandweshallconcludein section5.

2 Featureconstruction fr om the TraceTransform

Let usimagineanimagecriss-crossedby all possiblelinesonecandraw onit. Eachline is
characterisedbyparameters

�
and� definedin figure1. TheRadontransformof theimage

is a 2D representationof theimagein coordinates
�

and � , with thevalueof theintegral
of theimagecomputedalongthecorrespondingline placedatcell � ��� ��� . It is well known
that an imagecanbe fully reconstructedfrom its Radontransform. This is the basisof
computerisedtomography. TheTracetransformcalculatesa functional � overparameter�

alongline � �	� ��� , which is notnecessarilytheintegralof theimage.Onethencalculates
anotherfunctional, 
 , alongthecolumnsof theTracetransform,ie overparameter� , and
finally a functional � over the string of numberscreatedthis way, ie over parameter

�
.
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Figure1: Definitionof theparametersof animagetracingline

Theresult is a singlenumber. With an appropriatechoiceof the threefunctionals� , 

and � , onecanmake this numberto be invariantto a certaingroupof transformations.
In [4] we presentedthefunctionalsoneshouldusein orderto producefeaturesinvariant
to rotation,translationandscaling.In [5] we presentedsomefunctionalsoneshoulduse,
so that the producedfeaturesareinvariantto affine distortions. In this paperwe arenot
going to attemptto characteriseanobjectby a singlenumberproducedby thecascaded
applicationof thethreecarefullychosenfunctional � , 
 and � , but insteadwearegoing
to useonly thefirst two functionals.Usingonly functionals� and 
 oneafter theother
will allow us to characteriseanobjectby a stringof numbers,somethinglike theobject
“signature”. We call this “signature” the “circus” function, becauseit is a function of
the angleparameter

�
. In the next sectionwe shall show how thesesignaturescanbe

produced,so that if they correspondto two objectsthat are affine distortionsof each
other, they differ only by a shift.

3 Affine distortions

Thebasicideabehindthe Tracetransform-basedfeatureconstructionis theobservation
thatlinesremainunchangedwhentheimageundergoeslinearor affinedistortions.What
changeshowever, arethe parametersin termsof which eachline is definedandthe pa-
rameterdefinedalongeachline. If the imagehasundergoneanaffine distortiondefined
by matrix � andtranslationvector  , thenthe parametersof a line in the distortedim-
age

�������
, � ����� and

� �����
, aregiven in termsof the parametersof the sameline in the

undistortedimageby thefollowing equations:������� � � � � � ������� � � ��� ����� � � �� ����� � � � � ��� �� � � �� ����� � ! � � �
where

� � � � , �"� � � � , �#� � � � , � � � � ,  � � � and
! � � � aresomecomplicatedfunctionsthatcan

beexpressedin termsof theelementsof matrix � andvector  .
Beforeweproceed,wemustdefinethetypeof functionalweshalluse,namelyinvari-

ant to displacement functionals.
A functional $ of a function %&�(')� is invariant if$*�+%&�(' ��� �,� � $*�+%&�(')�-� , . �0/21 �43 � �
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An invariantfunctionalmayalsohavethefollowing additionalproperties:5 Scalingtheindependentvariableby 6 , scalestheresultby 687:9 :
$*�(%&�+6;')�-� � 6 7 9 $*�(%&�(')�-� , .�6=<?> �+@ � �

5 Scalingthefunctionby
�
, scalestheresultby

�"A 9 :

$*� � %&�('��,� �B� A 9 $*�(%&�+'��-� , . � <C> �(@ � �
In theaboveexpressionsDFE and GFE aresomenumberswhich characterisefunctional$ .
If we choosefunctionals � and 
 that obey the above properties,andapply them

to the imagefunction,we shallderive the“circus” function H�� � � thatcharacteriseseach
image.It is to this “circus” functionthatin [5] weapplythefinal functional � in orderto
producetheinvariantfeaturewhichis justanumber. Here,however, weshallusefunctionH	� � � itself asthesignatureof theobject.

It canbeshown thatthetwo “circus” functionsassociatedwith thetwo versionsof the
sameimagethatareaffine distortionsof eachother, arerelatedby thefollowing expres-
sion: H � � � � �I� � � � AKJ 7 J�L 7KMON � L � N 7:M H � � ! � � �-� (1)

Next, we definedtheconceptof the“associatedcircus” HFP8� � � to a givencircus H�� � � :
HQP8� � �OR N H	� � � N L �,S"T A J 7 J L 7 MQU (2)

Notethataswe assumethatwe have alreadychosenfunctionals� and 
 , thevalues
of GFV , DFV and DFW areknown.

If GFV	DFVYXZDFW � > , wedefinethe“associatedcircus” by

HQP8� � �[R \ ]]]  H	� � � � ]]]
(3)

Theseassociatedcircusescanbe further normalisedin a way describedin detail in
[5] to definethe“normalisedassociatedcircusfunctions”. Let usconsidertwo of them,H �^� � � � and H ��� � � � , which correspondto the original and the affinely distortedimage
respectively. It canbeshown thatthey areassociatedby thefollowing equation:

H �^� � � � � N � L � N T 7 M L � U S_� H ��� � � �a` � (4)

If GFV	DFVYXZDFW � > , this expressiontakestheform H �^� � � � � H ��� � � �a` � .
Here

`
is someanglewearenot interestedin. It canbeusedto extracttheparameters

of theaffine transform,but we arenot goingto do this here.
Now we have definedthesenormalisedassociatedcircus functions,the problemof

identifying an object is reducedto that of comparingtwo stringsof numbersthat are
shiftedandpossiblyscaledversionsof eachother.
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4 Experimental results

To demonstrateour ideaswe considera databaseconsistingof 60 imagesof fish. The
mostcommonlyusedmethodfor affine invariantdescriptionof imagesis thatof Flusser
andSuk[1, 2, 3]. It is basedon thecalculationof momentsof theobjectto bedescribed
and the combinationof thesemomentsto form affine invariantdescriptors.Affine in-
variantmomentshave beenwidely usedin many applications,eg [6]. Throughoutthe
experimentswe shall present,we shall compareour methodwith the momentsmethod.
The proposersof the momentsmethodhave suggestedthe useof either4 or 6 invariant
momentsfor the descriptionof objects[3]. We run all our experimentsfor both cases.
The useof 6 momentsproducedbetterresultsthan the useof 4 moments,so we only
presentthoseresultshere.As ameasureof similarity betweentwo imagesweusethesum
of theabsolutedifferencesbetweenthesix correspondinginvariantmoments.Beforethis
sumis taken,eachmomentis normalisedby beingdividedwith an appropriatenumber
sothatall invariantfeaturescombinedareof thesameorderof magnitude.Thesix affine
invariantsusedaredefinedbelow:

3 �b� cd)ef,f � d � f d f � X d � �,� �
3 � � cd � ff,f � d �g f d �f g Xih d g f d �#� d �-� d f g �aj d g f d g �-� �Zj d f g d g�k� Xml d ��k� d � ��� �
3 g � cdonf,f � d � f � d �k� d f g X d � �-� �pX d �_� � d g f d f g X d �#� d �-� � � d f � � d g f d ��� X d ��#� �-�
3 e � cd �,�f,f � d g� f d �f g Xih d �� f d �_� d �-� d f g Xih d �� f d �#� d f � d f g ��q d �� f d f � d � �-� � cKr d � f d � �_� d f g d �#�� h d � f d �_� d f � d g f d f g X c�s d � f d �_� d f � d �k� d ��� X s d g �_� d f g d g f Xih d � f d �f � d g f d �-��tq d � f d �f � d ��#� � c:r d � �_� d f � d g f d �-� Xih d � �_� d �f � d g f d �#�u� d gf � d �g f �3�v � cdowf,f � d e f d f e X j d g � d � g � l d ��_� �
3 w � cdoxf,f � d e f d f e d �,�[� r d g � d �_� d � g X d e f d � � g X d f e d �g � X d g�,� �
wheredzy"{ is definedby

dzy�{ �}|~|8�_�(� �����&� �(' �-� �#�+'�Xm' � � y � � X � � � {  '  � (5)

with � �(' �-� � beingthe grey level imagefunction,and �+' � �,� � � the centreof massof the
object.
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Figure2: First column: exampleimagesin the database.Secondcolumn: imagesdis-
tortedby spatiallyvariantillumination; theillumination varieslinearly from left to right,
beinga multiplicative factorof 0.8at oneendand1.2at theother. Third column: images
distortedby affine distortion. Fourth column: Imagesdistortedby nonlineardistortion
with parameter(maximumshift along the middle horizontalline andalong the middle
vertical line) 35 pixels; shifting decreasesto 0 as the inversesquaredistancefrom the
centreasthe edgesareapproached.Last column: imagesdistortedby affine distortion
andtwo blobsof radius15pixelsandrandomlychosengrey valueaddedat randomposi-
tionsin theimage.

For thetracetransformmethod,eachimage,beingof size r >�>=� j >�> , wastracedby
linestwo pixelsapart,ie thevaluesof parameter� for two successive parallellinesused
differedby 2. For eachvalueof � 80 differentorientationswereused,ie theorientations
of thelineswith thesame� differedby

jF� ���
Eachline wassampledwith pointstwo pixels

apart,ie parameter
�

tookdiscretevalueswith stepequalto 2 inter-pixel distances.
We usedfour differenttracefunctionals� computedalongeachtracingline:5 � � : � � � � �  ;� , where � � � � is thevalueof theimagefunctionalongthetracingline.5 � � : � � � � � � e  ;��� �,S e
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5 � g : Theweightedmedianvalueof thesamplepoints � � ��� � alongtheline1.5 � e : � � N � ��� � � N e  ��u� �,S e , where� ��� � � meanstheFourierTransformof � � � � .
Thesefour functionalswerecombinedwith threedifferent 
 functionalsto producea

totalof 12 circusfunctionsto characteriseanimage:5 
 � : � � � ���)� f�� v  � � � . Here � ���)� is thefunctionmadeup from thevaluesof thetrace
tranformalongacolumn,ie each� ����� is characterisedby adifferentvalueof angle�

which is theparametermeasuredalongthehorizontalaxisof thetracetransform.5 
 � : � ]]���� T y U� y ]]  ;�
5 
 g : Theweightedmedianvalueof thesamplepoints � ��� � � alongeachcolumnof

thetracetransform.Theweightsusedare

]] � ��� ���	� �	X � ��� � L � � ]] .
To comparetwo circuses,one from a referenceimageandone from the query im-

age,we computetheir correlationcoefficient for all possibleshifts via the fastFourier
transform.We choosethemaximumvalueover all shifts. Two circusesaremostsimilar
whentheircorrelationis maximum.To expressthisasadistancethatis smallestfor most
similarity, wetaketheinversecosineof themaximumvalueof thecorrelationcoefficient.
This is equivalentto measuringthedistancebetweentwo vectorsby measuringtheangle
betweenthem,andit is 0 whenwe have maximumcorrelation.This way we produce12
differentnumberswhenwe comparetwo images. We useasmeasureof similarity the
sumof thesmallest9 of thesenumbers.

The two methodswerecomparedon the way they respondto differenttypesof dis-
tortion presentin thetestimagewhenwe aretrying to identify it in thedatabase.Figure
2 shows theimagedeformationsused.In thefirst columnwe presentsomeentriesin the
database.In thesecondcolumnwehaveimposedasmallilluminationdistortionto theim-
agesby multiplying their grayvalueswith a linearillumination functionthatvariesfrom
left to right andit hasvalue0.8on theleft and1.2on theright. This is a very smallnon-
uniform illumination effect,neverthelesswe shallshow thatthemomentsmethodbreaks
down in thiscase,while theproposedmethoddoesnot. In thethird columnof figure2 we
haveappliedjust affinedistortionsto theimages.In thefourth columnwe haveapplieda
non-lineardistortion,asfollows: All pixelswereshiftedfirst from left to right by a shift
thathada parabolicprofile which wasmaximumin the middleand0 alongthe top and
bottomedges.Thenall pixelswereshiftedfrom top to bottom,alsoby aparabolicprofile
andit wasmaximumin themiddleand0 alongthe left andright edges.Themaximum
shift in themiddleis theparameterof thisdistortion,andin thisparticularexampleit was
35pixels.In thelastcolumnof figure2 wepresentthedeformationconsistingof anaffine
distortionandtheadditionof two randomblobsof uniformgraynessin theimage.

1If a samplehasweight ��� , its valueis repeated��� timeswhencomputingthemedian.Theweightsused
herewere �	�0�Y�;���(�8� .
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Figure3: First column:examplequeryimages.Subsequentcolumns,retrievedimagesin
orderof similarity, whenthetracetransformmethodwasused.

Figure4: First column:examplequeryimages.Subsequentcolumns,retrievedimagesin
orderof similarity, whenthemoments-basedmethodwasused.

Figure3 showsa few examplesof answersreceivedwhenqueryingthedatabase:The
first columnis thequeryimage.Thesubsequentcolumnsshow thefive mostsimilar fish
retrieved from the databasein orderof similarity attachedto them. Figure4 shows the
resultobtainedfor thesamequeryimageswhenthemomentsmethodwasused.

Thesummaryof theresultsof all our experimentsarepresentedin tables1–7. In all
thesetables,weput in thefirst columnthenumberof timesthequeryfishwasretrievedas
thefirst choice.In columns2–5weputthenumberof timesit wasretrievedin the2nd–5th
position.In thelastcolumnweput thenumberof timesthequeryfishwasretrievedin the
6th positionandbeyond.

Table1 shows the resultswhenonly affine distortionwaspresent,ie the casewhen
theassumptionson which bothapproachesarebasedareideallysatisfied.

Table2 showstheresultsfor addedGaussiannoiseto theaffinely distortedimage(the
wholeimage,not just theobject)with variousstandarddeviations.
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Method Affine
Trace 57 0 0 0 1 2

Moments 51 4 2 0 0 3

Table 1: Affine distortion with matrix �+ ¡6^¢  ;£K¤   £¡� 6 � @ £ ¢	�¥�  @�6^¦)� c � > � h;�§��( ¡6;¢  ;£K¤   £¡� 6 � @ £ ¢	�
Method Affine+Gaussiannoise¨ � r
Trace 27 5 6 2 1 19

Moments 3 2 2 3 2 48¨ �©�
Trace 21 5 3 2 2 27

Moments 2 1 3 1 2 51¨ � c >
Trace 15 3 2 4 2 34

Moments 2 1 2 3 0 52

Table 2: Affine distortion with matrix �+ ¡6^¢  ;£K¤   £¡� 6 � @ £ ¢	�¥�  @�6^¦)� c � > � h;�§��( ¡6;¢  ;£K¤   £¡� 6 � @ £ ¢	� plusGaussiannoiseaddedto thewholeimage

Table3 shows the resultswhenthe distortionof the query imagesis not affine but
non-linearwith variousparametervalues.

Table4 shows theresultswhenthedistortionof thequeryimagesis affine plusnon-
linearwith parameter20.

Table5 shows theresultswhenthedistortionof thequeryimagesis non-linearwith
parameter10 andthereis non-uniformillumination with factor0.8on theleft and1.2on
theright.

Table6 shows theresultswhenthedistortionof thequeryimagesis non-linearwith
parameter10, thereis non-uniformillumination with factor0.8on theleft and1.2on the
right, plusaffinedistortion.

Finally table7 showstheresultswhenthedistortionof thequeryimagesis affineplus
2 blobsof radius15 pixelseachhavebeenaddedat randompositionsin theimage.

5 Conclusions

Fromall theresultspresentedin tables1–7,wecanseethatthemethodbasedoninvariant
momentsand the methodbasedon the tracetransformhave comparative performance
whenthe assumptionson which they arebasedarefulfilled, ie whenthe query images
areonly affinely distorted. However, if the imagesaredistortedin a differentway, the
tracetransformmethodis muchmorerobust. Themomentsbasedmethodis particularly
sensitive to distortionsthataffect the “centreof gravity” of the image,like non-uniform
illumination andthe additionof blobswhich could representclutter or local damageof
theimage.
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Method Non-linear
parameter=10

Trace 58 0 1 0 0 1
Moments 57 1 1 0 0 1

parameter=20
Trace 35 2 2 1 2 18

Moments 22 10 9 5 5 9
parameter=35

Trace 9 4 2 1 3 41
Moments 11 2 11 3 3 30

Table3: Non-linearimagedistortionfor variousparametervaluesindicatingmaximum
shift

Method Affine+non-linear
Trace 27 2 3 0 1 27

Moments 24 11 3 5 4 13

Table 4: Affine distortion with matrix �+ ¡6^¢  ;£K¤   £¡� 6 � @ £ ¢	�¥�  @�6^¦)� c � > � h;�§��( ¡6;¢  ;£K¤   £¡� 6 � @ £ ¢	� plusnon-lineardistortionwith parameter20

Method Non-linear+Illum
Trace 57 0 2 1 0 0

Moments 35 10 4 1 3 7

Table5: Non-lineardistortionwith parametervalue10andnon-uniformilluminationwith
value0.8on theleft sideof theimageand1.2on theright side

Method Non-linear+Illum+ affine
Trace 40 7 4 3 1 5

Moments 27 11 4 3 2 13

Table 6: Non-lineardistortion with parametervalue10 plus non-uniformillumination
with multiplicativevalue0.8on theleft sideof theimageand1.2on theright plusaffine
distortion

Method Affine+Two blobs
Trace 52 1 0 0 2 5

Moments 30 9 9 1 3 8

Table7: Affinedistortionplustwo randomblobsof radius15 pixels
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