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with Automatic Rescaling
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Abstract

In this paperwe proposea techniqueto recursively estimatestructureand
motion from a sequenceof imagesacquiredby an handheld camera.The
algorithmis basedonestimationof instantaneousopticalflow for eachframe
of thesequenceandon theuseof thedifferentialepipolarconstraintto com-
putemotionandstructure.An alternative procedureto managescaleambi-
guity acrossframesis alsoproposed.Neitheruserinteractionnor any kind
of sceneknowledgeis requiredandthealgorithm,givenits low complexity,
is adaptableto realtimeapplications.

1 Introduction

Thedifferentapproachesto theStructurefrom Motion problemcanberoughlyclassified
into discrete anddifferential schemes.In thefirst casesnapshotsaretakenfrom different
point of views and, in general,no motion smoothnessis involved. Epipolargeometry
is usedto constrainthe matchingof featuresandrecover the shapeof the scene.In the
secondcasethe cameramoveswhile it capturesa continuousstreamof images. Con-
secutive imagesarevery closeandthedisplacementof featuresdoesapproximatepretty
well opticalflow: thedifferentialversionof theepipolarconstraint,canbeusedto com-
pute cameravelocity and depths. The algorithm we proposein this paperbelongsto
thesecondcategory: we usesequencesacquiredat 30

���
by a handheldmoving cam-

era. We tracksparsefeaturesover thesequenceandthenusetheopticalflow to recover
sceneshape.The procedurehasa layeredstructure:for eachframe,first egomotionis
estimated,thenthe structureis computed.The structuresrelative to eachframeof the
sequencearerecursively integratedto provideanoptimalestimate.In this framework we
proposeanalternativeapproachto handlescaleambiguityacrossthesequenceandcom-
pareit to themoreclassicapproachof fixing onefeature.We testedour algorithmboth
on simulateddataandrealsequencesandshow theresultswe obtained.Thealgorithmis
completelyautomaticand,sinceit is mostlybuilt on linearoptimization,it cansuccess-
fully beusedfor realtime applications.Theliteratureavailableis vast,sowe reporthere
thepapersthatmostinspiredour work. A descriptionof thequalitative propertiesof the
optical flow canbe found in [1] while a comparisonof differenttechniquesto compute
it hasbeenreportedby FleetandBarron[2]. For sparseflow estimationwe refer to the
TomasiandKanadeclassicaltracker [3]. TomasiandHeeger [4] compareda numberof
the bestknown linear andnon linear techniquesfor egomotionestimationfrom sparse
flow fields. MacLean[5] proposeda whiteningmethodto reducethe bias that applies
in thecaseof theJepson-HeegerLinearSubspace[6] method.Anotherrecentandinter-
estingclosedform methodfor egomotionwaspresentedby Ma, SastryandKosecka[7].
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For reconstructionalgorithmsbasedon opticalflow we remindthework of Szeliski [8]
who presenteda non linear leastsquaretechniqueto reconstructsimultaneouslystruc-
ture andmotion from an imagesequenceandBarronJepsonandTsotsos[9] proposea
Kalmanfilter basedapproachto reconstructstructurefrom lateraldisplacements.Soatto
andPeronaworked extensively on Kalmanfilter formulationsof this problem[10, 11].
Pentland[12] first proposedto handlethescaleproblemfixing a featureandto estimate
focal lengthsimultaneouslywith structureandmotion. Comparisonbetweendifferential
anddiscreteapproachescanbefoundin [13]; A verycomprehensivereview of multiview
point stereocanbefoundin thebookby ZissermanandHartley [14] andin theD. Nister
Ph.Dthesis[15]. Goodreferencesfor a generaloverview of theproblemare[16, 17].

2 3D Motion and Optical Flow

We denotewith �����	��
��

���� the positionof a scenepoint with respectto a camera
centeredcoordinatesystem,andwith ������� ��
����
���� the projectionof sucha point on
the focal planeof the camera.The camerarelative positionandorientationis given by
thecouple ��� 
"!�� where � is a rotationmatrix and ! thetranslationvector. Thecouple�$#%
"&'� representstherotationalandlinearvelocityof thecamera.
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Figure1: (a) Performanceof the ()(+*-, depthestimationfor singleframe. Motion is computed
with the 2 stepsprocessas described. Error is in pixels and motion is approximately0.6 pix-
els/frame.(b) Globalperformanceof thealgorithmasafunctionof thenumberof framesintegrated.
Error is 0.20pixelsandmotionis approximately0.6pixels/frame.

Thevelocityof a point � seenfrom amoving camerais givenenby:.�/�10�#32%�405& (1)

We call velocityfield 6
�	78
:9;
:<:� thevelocitiesof theprojectedpointson thefocalplaneat
time < .
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3 Algorithm

The processof reconstructionis divided into threedifferentstages:first sparsefeatures
areextractedandtrackedover timeusingthe =?>�@A>CB�DE0�FEG;HI>KJL0NMPORQS>KJ�T tracker. Then
egomotionis computedfor eachframeusingthe linearsubspacemethod[6] andrefined
by nonlinearoptimization.For thereconstructionof the frameby frame3D positionof
scenepointswe proposea linear leastsquaresroutinethatestimatesnot only thedepths
but alsotheirfirst timederivative.Thisis thebasisfor aprocedureto automaticallyrescale
all the views to the samescale,result that traditionally is achieved usingsomekind of
knowledgeof thesceneor motion.Finally theinformationretrievedfor eachsingleview
is time integratedinto a 3D model. Resultson both syntheticand real sequencesare
shown to demonstratetheperformanceof thismethod.

3.1 Simulation Benchmarks

We extensively testedthe algorithm usingsyntheticallygeneratedflow fields. For ho-
mogeneityandsimplicity we usedthesameexperimentalconditionsandbenchmarksas
in [4]. Thefocal lengthof thesimulatedcamerais setto 1 andthefocalplanedimensions
to 512U 512 pixels. The field of view is 90 degrees. Randomcloud of 100 pointsare
generatedin a depthrangeof 2-8 focal lengths.Themotionis a combinationof rotations
andtranslations.Therotationalspeedmagnitudewasconstantandchosento be0.23de-
greesperframe.Themagnitudeof thelinearvelocitywaschosento fixatethepointat the
centerof the randomcloud. Zero-meangaussiannoisewasaddedto thecomponentsof
thevelocityandthestandarddeviationof suchnoisechosento beconstant.Sensitivity in
thedepthis measuredasthestandarddeviationof thedistributionof therelativedistance
of thereconstructeddepthsfrom their their realvalues.In formula:V � � W X �:Y �LZ-0\[�LZ�EZ ]_^ � (2)

Wherethe’ [ ’ generallyindicatesmeasuredquantitiesand � thegenerateddepth.The
index T runsover thefeatures.

Thesensitivity on translationis measuredas:Va` � bccd �e 0f�3ghi"j8k Y lIm�nIo kqp&sr& i ] ^ (3)

where
p& is theaverageof thereconstructedvelocitieswhich waschosento minimizet gi"j8k l�mun o k r& i p& subjectto v p&wvx�y� . e is thenumberof trials.

Theaveragerotationmatrix z� is computedfrom theestimatesandtherotationsensi-
tivity is computedasthestandarddeviationof thedifferenceangle{ betweentheaverage
rotation z� andthemeasuredrotationsfor eachtrial sample [� . In formulathis reads:

V}| � bccd �e 0f�~ghi"j8k { ^iP� { i ��l�mun o k Y Mx�K�A[� i z���+0f�� ] (4)
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3.2 Egomotion Estimation

Egomotionestimationis a 2 stepprocess.We first estimatelinearvelocity with thesub-
spacemethodcorrectedfor biasreduction[5]. Thisalgorithm,evenif notamongthemost
precise(see[4]), hasa closedform solutionwhich is advantageousfor automaticrecon-
struction.A non-linearrefinementof thesolutionis donein thesamefashionasin [18].
By applyingdifferentalgebraicmanipulationthe differentialepipolarconstraintcanbe
writtenasfollows: &S���	�wUS6
�	�L
"<:�:�8�~�	&�U%�)�:�����wU'#��
��� (5)

Fromtheconstraintaleastsquareestimateof therotationalvelocitycanbeobtainedas
a functionof & . Substitutingthis rotationbacka non-linearconstrainton & is obtained.
Non-linearoptimizationis thenusedto obtainthe linear velocity. If no convergenceis
reachedwithin a certainnumberof stepstheestimatefor thelinearvelocity we got from
linearsubspacesis used.Theperformanceof this 2 stepstechniquehasbeenextensively
tested.For differentmotionswe foundconvergencerateof thenon-linearrefinementto
beapproximately100%andthatusually, with exceptionof a few cases,theconvergence
is to theglobalminima.Localminimacanbeeasilydetectedsincethey lie approximately
at 90degreesrespectto therealvalueof thelinearvelocity [4].

3.3 �q����� Structure from Motion

Structureandlinearvelocity canbeestimatedup to a scale.Let ���3��� and �?����vI&wv
we canwrite:

��� �� � � � 
 � � 
��R�E��� �� � &�� �� [& (6)

Fromeq. (1) weget: .�����f� .�?��0��a�$#32��)�L05��[& (7)

(8)

Given � featurepointswecanrewrite theequation(8) in matrix form wherethescale
quantitiesaretheunknown �q���$� k 
 .� kR������� 
���� 
 .����
:�A� :  �q�~� (9)

wherethestructurematrix
 

is:
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andfind thedepthssolvingthe F�F   X problem:

QST¶@
v   �Åv ^ (10)v��av²�y�
This is known to be the eigenvectorof

e � e correspondingto the smallesteigen-
value.Wedid extensivetestsof theperformanceof the F
F   X estimateof featuredepths.
In figure (1) (b) we report the sensitivity on � asa function of the error on the optical
flow. It canbenoticedthat,evenif goingquickly over100%,theerroris smallfor limited
amountsof noise.Usually, asshown in figure(3), usingjust two frames,goodreconstruc-
tionscanalreadybeachieved. A majorpoint is that time integrationreducesdrastically
theinitial error. Thisargumentis discussedin thefinal simulationspresentedlater.
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Figure2: (a) Optical flow anddisplacementflow. Depthfrom point to point vary randomlybe-
tween2 and8 focal lengths.The Æ²ÇxÈ is 90degreesandthemotionis arotationof 0.23degreesper
frameanda translationof 0.01focal lengthsper frame. (b) Angularerrordueto thedisplacement
approximation(dashedline) anddueto displacementapproximationandtrackingerror(continuous
line). Camerainternalparametersarethesameasin the left figure. Translationalvelocity is 0.02
focal lengthsperframein thedirection É . Resultsaresimilar for differentmotions.

3.4 Automatic Rescaling

The F
F   X algorithm returnsdepthof featureswith respectto the the currentcamera
positionup to a scalefactor: ��Z"��<:�
�~����<:�"�LZ��	<:� (11)

wherethetimedependenceexpressesthefactthatdepthsaremeasuredwith respectto
differentcoordinatesystemsateachtime < . Timeintegrationrequiresthe � to beidentical
atall thetimes.Suchrescalingusuallyrequiressomekind of sceneor motionknowledge:
for examplethemodulusof the linearvelocity, thedistanceof somepoint to thecamera
or therelativedistanceof two pointscanbeusedfor thispurpose.In theframework of theF
F   X algorithmrescalingcanbeachievedwithout theuseof any externalinformation.
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Weobservethattheratio Ê��	<:����ËÌÌ is scaleindependent;if wewrite Ê��	<:�E��Í�Î­ÏCÐ Ì�ÑÍ�Ò andletGS��Ó	@E�$�u� we get: .GS�~Ê��	<:� (12)G+��<ÕÔ��E�~Ó	@E�Á�Ö�	<ÕÔR�:� (13)

This ×ÙØ X canbesolvedto rescaleall theviews to the < Ô scale.We usethenotation�¯Úu�	<:� for therescaleddepths(noticethat �ÛÚÛ�	< Ô �E�3�Ö�	< Ô � ). We get� Ú ��<:�E�~�a�	<ÕÔ��ÜDRÝ Ð­Ò Ñ �~���	<ÕÔ��"�����u�:D�Þußß ´}à Ð�á Ñ Í�á �~����<ÕÔR���q��<:� (14)

Approximatingtheintegral by a discretesumwe canwrite theintegral equation(14)
as:

� Ú ��< i �
���a�	<ÕÔ�� iâÎ j+k D à Ð­Ò�ã Ñ	ä Ò�ã ���$�Ö��<ÕÔR�
i o kâÎ j8k D à Ð­Ò�ã Ñ	ä Ò�ã �ÜD à Ð­Òæå Ñ	ä Òæå ��� Ú ��< i o k �ÜD à Ð­Òæå Ñ	ä Òæå (15)

This is the basicequationto recursively rescaleall the views to the samescaling

constant:ateachtimet theratio Ê��	<:�E� ËÌÌ canbeestimatedandusingeq.(14)theup-to-a-
scaledepth �Ö�	<:� canbeupdated.Notethattheglobalscaleis still unknown andthatsuch
indeterminancy canberesolvedjust by sceneor motionknowledge.

Partial trackscanbe easilymanagedin this framework. Supposethat new feature,
indicatedby �ç�4� , is tracked at time <è� z< and its unrescaleddepthmeasuredas� �»é k � z<"�»����� z<"�"� �»é k � z<:� . Rescalingcannotbedoneusingequation(15) sincetheprevi-
oushistoryof thetrackis not known. Anyway theratio êÖÐ­Ò ´ ÑêÖÐ_ëÒ Ñ andtherescaleddepthcan
beestimatedas: ì � X Y � ÚZ � z<:�� Z � z<:� ]Õí Z¶îj ��é kðï � Ú��é k � z<:��� ì ���»é k � z<:� (16)

At time <xñ z< rescalingcanbedonealsofor this trackusingequation(15). Notethat
theintegrationof thedifferentialequationproducesafurthererrorof theorder OK�:�Áò�<:� o k � .
For óÛ� ��� sequencesthis error is pretty small comparedto the measurementerrorsand
canbetrascurated.A moreclassicalautorescalingprocedureconsistsof fixing oneof the
points in the initial frameandusingit to rescaleall the otherpoints[12]. The position
of thefixedpoint in thefollowing framescanbeestimatedby transformingaccordingto
theestimatedinter-framemotion. Themaindrawbackcommonto boththesetechniques
is error accumulation.A big advantageof the autorescalingwe proposeis the fact that
featuresarerescaledindependentlyof eachother. Fixing a particularlynoisyfeaturecan
drasticallyreducetheeffectivenessof thealgorithm. Moreover therescalingfeaturecan
belost duringthenmotiondueto trackinginefficienciesor occlusions.

3.5 Time Integration

Theeasiestway is to integratethedifferentstructureobservationsis to transformthemin
theinitial frameof reference,like:
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[� ZÒ å ��< Ô �E��[� � �	< i 
"< Ô �+[� Z �	< i �)��[!ô�	< i 
:< Ô � (17)

WhereT andõ aretherespectively featureandframeindexes.Thebestspatialposition
of a featureis estimatedfrom the

e
observationstakingthe Q'DRBÛTÕ>�@ of these:[� Z � Q'DRBÛTÕ>�@ � [� ZÒ å ��<ÕÔ��"�< i (18)! and � aredefinedby compoundingthepartialmotions:[!ô��< Ï 
:<ÕÔR�E� Ïhi"j Ô [!ô��< i 
:<ÕÔ�� � [����< Ï 
:<ÕÔR�E� Ïâi"j Ô [���	< i 
"<ÕÔR� (19)

Theoverallperformanceof thealgorithmwastestedonsimulateddataasshown in figures
(1) (b) and(c). Figure(1) (b) reportsthesensitivity for reconstructionfrom asingleframe
andshows that for enoughprecisemeasurementsof the optical flow the error on depth
estimationcanbekeptsmall. In figure(3) weshow thatreasonablereconstructionscanbe
obtainedusingasingleflow field. Figure(1) (c) showshow timeintegrationimprovesthe
estimates.Theslopeof thecurveis smalldueto thecorrelationbetweenmeasurementsat
differenttimesproducedby rescaling.Anyway, dueto thehighacquisitionrate,hundreds
of framescan be integratedreachingvery high precisions. In figure (3) we show the
improvementwe gettime integrating10 consecutive framesof thesequence.

3.6 Instantaneous Approximation

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure3: Reconstructedmodelof thecalibrationgrid using2 frames(left) and10 frames(right).
Themodelis basedon237featuresandtheaveragedisparitybetweenframesis about1 pixel

Opticalflow is approximatedwith thedisplacementof featuresbetweentwo consec-
utive frames.It is interestingto seehow suchapproximationis goodfor humanmotion
andwhenotherwiseit doesleadto seriouserrors.Thedisplacementfield is generatedby
thediscretemotionequation:�?�	<)�����E�y0x���$#�ò�<:�Ü�?��<:��0w! (20)
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Where���Á# ò�<:�E�~DRö ä Ò . For small ò�< this canberewrittenas:�?��<)���R�E÷� 0q��øÙ�ù#�ò�<:�Ü�5�	<:��0ð&Nò�< (21)

Thedisplacementfield is easilyfoundto be:�E�	<)���R�+05�E��<:�ò�< � 6
�	78
:9;
:<:����f� o k �Áú»ûÛ�10èú»üR�5�:ò�<)�ý� o k�þaÿ ò�< (22)

Equation(22) statesthat even in the caseof smoothmotion the displacementfield
can be quite different from the optical flow. To have a satisfactory approximationwe
must imposethat the denominatorof eq.(22) is close to 1. Note that the two terms� o k �Áú û ��0èú ü �5�"ò�< and � o k þ ÿ ò�< representthemotionof thecameraalongtheopti-
cal axis,generatedrespectively by rotationandtranslation,relative to thedistanceof the
scenefrom thecamera.We finally getthefollowing setof conditionsto besatisfied:.#�ò ^ <�� #�ò�< � .&Nò ^ <���&Nò�< (23)ú»û¯�5ò�<��ç� � ú»ü���ò�<�� � � þÅÿ ò�<�� � (24)

Thefirst two impliesthat themotionmustbesmooth,sorapidchangesin theveloci-
tiesarenotallowed.Thelastthreeexpressthefactthatthemotionalong � mustbesmall
comparedto thedistanceof theobjectfrom thecamera.Figure(2) showshow egomotion
estimationbehaveswhentheinstantaneousapproximationbreaksdown. Syntheticfields
weregeneratedandlinearandrotationalvelocitiesestimatedwith thetechniquedescribed
above. Both thecaseof noise-freeandnoisy trackingareshown. Clearly, whennoiseis
present,a too densetime samplingproduceshugeerrorsdueto thefact that thefeatures
displacementbecomessmallerwhile thetrackingerrorin generalis lower bounded.Ob-
serve thata rotationof 90 degreespersecond(pretty fastfor a videoamateurexploring
somenew environment!)corresponds,at 30

���
, to #�ò�<E÷����� . Sowe canconcludethat

approximatingthe optical flow with the displacementfield is safein the caseof human
motion.

4 Experiments

Weperformedextensivetestsoverrealsequencesacquiredby ahandhelddigital camera.
The camerawaspreviously calibratedusingdifferentviews of a planargrid (oneof the
planesin figure (3) wasused). Sparsefeatureswere tracked using the Kanade-Lucas-
Tomasitracker [3] andopticalflow approximatedwith featuresdisplacement.In figures
(3),(4)and(5) we show examplesof thereconstructionsobtainedwith thealgorithmpre-
sentedin thepaper. We would like to stressthatprecisecalibrationscanbeobtainedwith
the techniquewe usedeven with a small numberof imagesandthat if the focal length
is not changedcalibrationis well preserved over time: we usedthe camerafor about
onemonthrecalibratingregularly andchecked that the cameraparameterswerealways
consistentwith the initial calibration.This is an importantobservationsince,in thedif-
ferentialframework, full autocalibrationof thecameracannotbeperformed,soat least
partial initial knowledgeof thecameraparametersis necessary[7].
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Figure4: Reconstructedmodelof a Linux box basedon 11 framesand220 tracks. Theaverage
disparityis about0.9pixelsperframe

Figure5: Reconstructedmodelof ateaboxbasedon7 framesand250tracks.Theaveragedisparity
is about1.1pixelsperframe.

5 Conclusions and Future Work

In this papera recursive algorithmto estimatethe structureof a scenefrom a calibrated
videosequencewaspresented.Thealgorithmis basedon the extractionof optical flow
for eachframe and the sequentialcomputationof motion and structure. Moreover an
alternative new way to automaticallyrescalethe3D informationfrom differentviews is
presentedand tested. The two stagesof egomotionand structurecomputationare ap-
proachedwith linearprocedures: this makesour algorithmfastenoughto berun in real
time. Resultsonsimulateddataandrealimagesarepresentedto validatetheeffectiveness
of theapproach.
A majorweaknessof thealgorithmis thetimeintegrationthatat themomentis performed
with very roughprocedure.For the nearfuturewe intendto embedthe one-view struc-
turealgorithmin a Kalmanfiltering framework. Constraintsover nonconsecutive views
areanotherissueto beexploredto reducedrift andgeta betteroverall consistenceof the
reconstruction.
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