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7KLV#SDSHU# LQWURGXFHV#D#KLJKO\#HIILFLHQW#PRGHO# IRU#JHQHUDO# UHJUHVVLRQ#ZLWK#XQNQRZQ
HUURU#GLVWULEXWLRQ#IXQFWLRQ1#7KH#PRGHO#LV#GHULYHG#IURP#D#EL0FULWHULD#RSWLPLVDWLRQ#SUREOHP
FRPELQLQJ#WKH#EHVW#SURSHUWLHV#RI#OHDVW#VTXDUHV#DQG#OHDVW#DEVROXWH#GHYLDWLRQ1#7KH#VROXWLRQ
RI# WKLV#SUREOHP# OHDGV# WR# D# UREXVW#00HVWLPDWRU# WKDW# FDQ#EH# DSSOLHG# LQ# D# ODUJH# UDQJH#RI
FRPSXWHU#YLVLRQ# WDVNV1#7KH# WHFKQLTXH#KDV#EHHQ#GHVLJQHG# WR#RYHUFRPH# WKH#H[WUHPH# ODFN
RI# UREXVWQHVV# DQG# ORZ# HIILFLHQF\#REVHUYHG#ZKHQ# FRQYHQWLRQDO# DSSURDFKHV# DUH#XVHG# WR
VROYH#IXQGDPHQWDO#LOO0SRVHG#FRPSXWHU#YLVLRQ#SUREOHPV1#7KH#SHUIRUPDQFH#RI#WKH#PHWKRG
KDV#EHHQ# DVVHVVHG#E\# UHFRYHULQJ# WKH# 6'0VFHQH# VWUXFWXUH# IURP# VWHUHRVFRSLF# LPDJHV1# ,Q
WKLV# FRQWH[W/# VHYHUDO# H[SHULPHQWV# KDYH# EHHQ# FRQGXFWHG1# 6RPH# VHOHFWHG# UHVXOWV# DUH
UHSRUWHG#LQ#WKLV#DUWLFOH1

4 ,QWURGXFWLRQ
)LWWLQJ#D#UHJUHVVLRQ#FXUYH#WR#REVHUYDWLRQ#GDWD#LV#D#EDVLF#WHFKQLTXH#XVHG#WR#VROYH#D#ODUJH

YDULHW\# RI# FRPSXWHU# YLVLRQ# WDVNV1# 'XH# WR# WKH# QRLV\# DQG# GLVFUHWH# QDWXUH# RI# GLJLWLVHG
LPDJHV/# DOO# ORZ0OHYHO# LPDJH# DQDO\VLV#PHWKRGV# GHYHORSHG# VR# IDU# DUH# VXEMHFW# WR# HUURUV1
7KXV/# D# UHDOLVWLF# DVVXPSWLRQ# DERXW# WKH# HUURUV# LQ# WKH# UHVXOWV# REWDLQHG# E\# DQ\# IHDWXUH
H[WUDFWRU/#PRWLRQ#+FRUUHVSRQGHQFH,#HVWLPDWRU/#REMHFW#UHFRJQLVHU/#HWF1/#PXVW#EH#XVHG1#7KH
PRVW# FRPPRQO\# XVHG# DSSURDFK# DVVXPHV# D#*DXVVLDQ# GLVWULEXWLRQ# RI# HUURUV1#8QGHU# WKLV
DVVXPSWLRQ# WKH# OHDVW0VTXDUHV# HVWLPDWRU# +/6,# DFKLHYHV# RSWLPDO# UHVXOWV# LQ# WKH# VHQVH# RI
EHLQJ#PLQLPXP# YDULDQFH# XQELDVHG# DQG#PD[LPXP# OLNHOLKRRG1# 7KH# SUREOHP# ZLWK# WKLV
HVWLPDWRU#LV#LWV#H[WUHPH#VHQVLWLYLW\#WR#GHYLDWLRQV#IURP#WKH#*DXVVLDQ#PRGHO1#6LQFH#RXWOLHUV
UHVXOWLQJ# IURP# ODUJH# REVHUYDWLRQ# HUURUV/# RU# QRLV\# FDQQRW# EH# DYRLG/# LW# LV# QHFHVVDU\# WR
FRQVLGHU# UREXVW# SURFHGXUHV# PRGLI\LQJ# WKH# /6# VFKHPD1# 7KH# PRVW# NQRZQ# UREXVW
HVWLPDWRUV#DUH# WKH#FODVV#RI#PD[LPXP0OLNHOLKRRG# W\SH#HVWLPDWRUV# +00HVWLPDWRUV,#DQG# WKH
PHGLDQ#EDVHG#HVWLPDWRUV# +UHSHDWHG#PHGLDQ#DQG# OHDVW#PHGLDQ#RI# VTXDUHV,1#7KH# ODVW# WZR
EHORQJ# WR# WKH# FODVV# RI# UREXVW# UHJUHVVRUV# ZLWK# WKH# KLJKHVW# SRVVLEOH# EUHDNGRZQ# SRLQW
+83(,1#7KH#EUHDNGRZQ#SRLQW#LV#GHILQHG#DV#WKH#PD[LPDO#IUDFWLRQ#RI#RXWOLHUV#WKH#HVWLPDWRU
FDQ# GHDO# ZLWK# >7@1# 8QIRUWXQDWHO\/#PHGLDQ# EDVHG# HVWLPDWRUV# VXIIHUV# RI# H[WUHPHO\# ORZ
HIILFLHQF\#HYHQ# LI#DGGLWLRQDO#VWUDWHJLHV#DUH#XVHG# WR# UHGXFH# WKH#FRPSXWDWLRQDO#FRVW# >45@1
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2WKHU#UREXVW#HVWLPDWRUV#VXFK#DV#WKH#/0HVWLPDWRU#DQG#WKH#50HVWLPDWRU#KDYH#EHHQ#DOVR#XVHG
WR#ILW#PRGHOV#WR#GDWD#REWDLQHG#IURP#GLJLWDO#LPDJHV1#1HYHUWKHOHVV/#WKH#ODFN#RI#UREXVWQHVV
DQG#HIILFLHQF\#LV#WKH#FRPPRQ#GUDZEDFN#RI#WKHVH#WHFKQLTXHV1
,Q#WKLV#SDSHU#D#3DUDPHWULF#0RGHO#)LWWLQJ#HVWLPDWRU#+30),#IRU#JHQHUDO#OLQHDU#UHJUHVVLRQ

LV#SUHVHQWHG1#7KH#PRWLYDWLRQ#EHKLQG# WKH#SUHVHQWHG#UHVHDUFK#KDV#EHHQ# WKH#DEVHQFH#RI#DQ
HVWLPDWRU#WKDW#SHUIRUP#UREXVWO\/#LV#HDV\#WR#KDQGOH#DQG#KDV#ORZHU#DOJRULWKPLF#FRPSOH[LW\1
7KH#30)0PRGHO# LV#REWDLQHG#E\#XVLQJ#D#FRQYH[#FRPELQDWLRQ#RI# OHDVW#VTXDUHV#DQG# OHDVW
DEVROXWH# GHYLDWLRQ# +/$',1#$# RQH0SDUDPHWHU# TXDGUDWLF# SURJUDPPLQJ#PRGHO# LV# XVHG# WR
GHULYH#D#VROXWLRQ#WR#WKH#SUREOHP#RI#ILWWLQJ#D#FXUYH#WR#JLYHQ#REVHUYDWLRQ#GDWD1#7KH#VHW#RI
HIILFLHQW#SRLQWV#IRU#VXFK#D#SUREOHP# LV#FRQVWUXFWHG#E\#VROYLQJ# WKH# OLQHDU#FRPSOHPHQWDU\
SUREOHP1#,Q#WKLV#ZD\#D#VHW#RI#OLQHDU#UHJUHVVRUV#LV#JHQHUDWHG1#2QH#RI#WKHP#LV#VHOHFWHG#E\
HYDOXDWLQJ#WKH#FRPSXWHG#FRHIILFLHQWV#RI#GHWHUPLQDWLRQ1
7KH#LQWURGXFHG#WHFKQLTXH#LV#DVVHVVHG#E\#VHYHUDO#H[SHULPHQWV#LQ#WKH#FRQWH[#RI#FDPHUD

FDOLEUDWLRQ# DQG# VWUXFWXUH# IURP# VWHUHR1# 7KH# JRDO# RI# WKLV# WDVN# LV# WR# UHFRYHU# WKH# FDPHUD
ORFDWLRQ#ZLWK# UHVSHFW# WR# WKH# VFHQH# DQG# WR# XVH# WKHVH# SDUDPHWHUV# WR# HVWLPDWH# WKH# VFHQH
VWUXFWXUH1#7KH#6'#VWUXFWXUDO#LQIRUPDWLRQ#FDQ#EH#WKHQ#XVHG#WR#JHQHUDWH#D#6'#PRGHO#RI#WKH
RULJLQDO#VFHQH#>:@1#&XUUHQWO\/# WKHUH#H[LVWV#D# ODUJH#FROOHFWLRQ#RI#DSSOLFDWLRQ#GRPDLQV# IRU
WKHVH# WHFKQRORJLHV# LQFOXGLQJ=# PHGLFDO# LPDJLQJ/# DXJPHQWHG# UHDOLW\/# LPPHUVLYH
WHOHSUHVHQFH/#HWF1#2WKHU#DSSOLFDWLRQV#RI# WKH#30)0PRGHO# LQFOXGLQJ#PRWLRQ#DQG#GLVSDULW\
HVWLPDWLRQ/#LPDJH#VHJPHQWDWLRQ/#HWF1/#DUH#HQYLVDJHG#LQ#IXUWKHU#GHYHORSPHQWV#>8@1

5 7KH#0DWKHPDWLFDO#0RGHO
:H#FRQVLGHU# WKH#FODVVLFDO# OLQHDU# UHJUHVVLRQ#PRGHO#JLYHQ#E\# LPLPLL H[[\ +++= θθ 11144

QL /111/4= #ZKHUH#WKH#ORFDWLRQ#SDUDPHWHU# 7
P ,/111/+ 4 θθ=Θ #KDV#WR#EH#HVWLPDWHG1#8VXDOO\#WKH

HUURU# GLVWULEXWLRQ# IXQFWLRQ#)# LV# XQNQRZQ1#1HYHUWKHOHVV/#PRVW# DXWKRUV# DVVXPH# WKDW# WKH
HUURU# GLVWULEXWLRQ# LV# *DXVVLDQ# RU# /DSODFLDQ# RU# VRPH# IL[HG# FRPELQDWLRQ# RI# ERWK1
8QIRUWXQDWHO\/#WKH#HUURUV#LQ#GDWD#REWDLQHG#IURP#GLJLWDO#LPDJHV#UDUHO\#VDWLVI\#RQH#RI#WKHVH
DVVXPSWLRQV1#)RU# WKLV#UHDVRQ#D#PRUH#HIILFLHQW#VWUDWHJ\#VKRXOG#IRFXV#RI# WKH#GHILQLWLRQ#RI
DQ#HVWLPDWRU#ZKLFK# LV#RSWLPDO#XQGHU#ERWK#/6#DQG#/$'#VLPXOWDQHRXVO\1#)ROORZLQJ# WKLV
DUJXPHQW#ZH#DVVXPH# WKDW# WKH# WUXH#GLVWULEXWLRQ#RI# WKH#HUURUV# LV#VRPH#FRPELQDWLRQ#RI# WKH
VWDQGDUG#QRUPDO#η #DQG#WKH#/DSODFH#GLVWULEXWLRQ# λ 1#7KXV/

ξληξξ +−= ,4+) /
ZKHUH# ξ #LV#WKH#GHJUHH#RI#FRQWDPLQDWLRQ#RI#WKH#*DXVVLDQ#PRGHO1#,Q#WKH#VHTXHO#ZH#DVVXPH
WKDW#WKH#GHVLJQ#YDULDEOHV# LM[ #KDYH#D#PDUJLQDO#GLVWULEXWLRQ# G3 #RQ#WKH#VHW#RI#%RUHO#VHWV#RQ

Pℜ 1#)XUWKHUPRUH/#ZH# VXSSRVH# WKDW# WKH# VXSSRUW# RI# G3 # LV# QRW# FRQWDLQHG# LQ# D# SODQH# RI
GLPHQVLRQ#OHVV#WKDQ#P/#L1H1/#WKH#P#YDULDEOHV#DUH#QHHGHG#WR#JXDUDQWHH#WKH#ILWWLQJ#JRRGQHVV
RI# WKH# UHJUHVVLRQ# FXUYH1# 7KH# UHJUHVVLRQ# GLVWULEXWLRQ# LV# GHILQHG# DV# D# SUREDELOLW\
GLVWULEXWLRQ#3#RQ# WKH#%RUHO#VHWV# ,+ 4+ℜΩ P #RI# 4+ℜP 1# ,I# G3 # VDWLVILHV# WKLV#K\SRWKHVLV# WKH

FRUUHVSRQGLQJ# HTXDWLRQ# EHORQJV# WR# D# VHW# ,+ 4+ℜP6 # ZKHUH# WKH# UHJUHVVLRQ# HVWLPDWRU
℘→ℜ + ,+= 4P6ρ # LV# GHILQHG1# 4+ℜ⊂℘ P # LV# WKH# UHJUHVVLRQ# SDUDPHWHU# VSDFH/# ZKHUH
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4 ςσθθ #UHSUHVHQW#WKH#ORFDWLRQ#DQG#VFDOH#SDUDPHWHUV#WR#EH

HVWLPDWHG1#7KH#PRGHO#LV#NQRZQ#XS#WR#WKH#SDUDPHWHU#ΘÖ 1






$FFRUGLQJ# WR# WKH# DUJXPHQWV# VWDWHG# DERYH# ZH# IRUPXODWH# WKH# IROORZLQJ# EL0FULWHULD
RSWLPLVDWLRQ#SUREOHP
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ZKHUH# N1 # UHSUHVHQWV# WKH#N0QRUP1#7KLV#SUREOHP# UHSUHVHQWV# WKH# VHDUFK# IRU# DQ# HVWLPDWH
VXFK#WKDW#WKHUH#LV#QRW#D#EHWWHU#VLPXOWDQHRXVO\#XQGHU#/6#DQG#/$'#FULWHULD1#7KH#PLQLPLVHU
LV# DSSUR[LPDWHO\# D# 0/# HVWLPDWRU# LI# WKH# GLVWULEXWLRQ# RI# WKH# HUURUV# )# LV# DGHTXDWHO\
VSHFLILHG1#7KH# VR# VWDWHG#RSWLPLVDWLRQ#SUREOHP#ZLOO#QRW# DOZD\V#KDYH# D#XQLTXH# VROXWLRQ1
&RQVHTXHQWO\# VRPH# FRPSURPLVH# EHWZHHQ# WKH# JRRGQHVV# RI# ERWK# GLVWULEXWLRQV# VKRXOG
SURYLGH# WKH# VHOHFWLRQ# UXOH1#)RU# WKLV# DLP/# WKH# OLQHDU# UHJUHVVLRQ#PRGHO#ZKLFK# VROYHV# WKH
FRUUHVSRQGLQJ# 3DUDPHWULF# 4XDGUDWLF# 3URJUDPPLQJ# 3UREOHP# +343,# LV# XVHG1# 7KH
FDOFXODWHG# VROXWLRQ# RI# WKH# 343# ZLOO# EH# GHQRWHG# DV# %&RPSURPLVH# (VWLPDWH%# +&(,1
&RQVHTXHQWO\/# WKH# SDUDPHWULF# REMHFWLYH# IXQFWLRQ# WKDW# VKRXOG# EH# FRQVLGHUHG# GXULQJ# WKH
VHDUFK#IRU#D#&(#LV#GHILQHG#DV=

∑∑
==

+−=
Q

L
L

Q

L
L HHH

44

5,4+,+ ξξϕ 1

7KH#ERXQGLQJ#FRQGLWLRQ# δ≤LH #LV#LPSRVHG#WR#DOO# WKH#UHVLGXDOV/# WR#JXDUDQWHH# WKDW# WKH
FRUUHVSRQGLQJ# LQIOXHQFH# IXQFWLRQ#RI# WKH#HVWLPDWRU#DOVR#EHFRPHV#ERXQGHG1#7KH#GHILQHG
00HVWLPDWRU# LV# QRW# LQYDULDQW#ZLWK# UHVSHFW# WR#PDJQLILFDWLRQ# RI# WKH# HUURU# VFDOH1#7KXV/# D
VFDOH# SDUDPHWHU# KDV# WR# EH# HVWLPDWHG# VLPXOWDQHRXVO\1# 7KDW# LV/# WKH# ILQDO# FRVW# IXQFWLRQ
GHILQLQJ#WKH#PRGHO#ZLOO#EH#JLYHQ#E\
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(VWLPDWLQJ#VLPXOWDQHRXVO\# Θ #DQG# ς #LV#QRW#WULYLDO1#)ROORZLQJ#WKH#FODVVLFDO#SURFHGXUH
LQWURGXFHG#E\#+XEHU/#ZH#XVH#DQ#LWHUDWLRQ#VFKHPH#WR#VROYH#WKH#XQGHUO\LQJ#SUREOHP1

6 (VWLPDWLRQ#RI#WKH#5HJUHVVLRQ#3DUDPHWHUV
7KH#FRPSOHWH#VHW#RI#UHJUHVVLRQ#SDUDPHWHUV#DUH#DSSUR[LPDWHG#LWHUDWLYHO\#E\#DOWHUQDWLQJ

WKH# FDOFXOXV# RI# WKH# ORFDWLRQ# DQG# VFDOH# SDUDPHWHUV1# 7KH# LQLWLDO# DSSUR[LPDWLRQ# RI# WKH
ORFDWLRQ#LV#REWDLQHG#E\#VROYLQJ#WKH#/6#SUREOHP
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1H[W/#D#VHW#RI#SDUDPHWHUV# Nξξ /111/4 #ZLWK# [ ]4/3∈Oξ #IRU#DOO# NO /111/4= #LV#GHILQHG1#:LWKRXW
ORVV# RI# JHQHUDOLW\# ZH# DVVXPH# WKDW# Nξξξ <<< /111/54 1# )L[LQJ# 4ξξ = # WKH# IROORZLQJ
SDUDPHWULF#SURJUDPPLQJ#SUREOHP#LV#VROYHG
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/HW# ,4+H #DQG# ,4+Θ #WKH#VROXWLRQ#RI#+5,1#$#QHZ#VFDOH#HVWLPDWH#LV#REWDLQHG#DV
{ },4+,4+
4

,4+ /111/ QHHPHG=ς 1

,I# WKH#GLIIHUHQFH# ,4+,3+ ςςε −= #H[FHHGV#D#SUHIL[HG# WKUHVKROG#%# +H1J1/# # 743−=> %ε ,/

+5,# LV# DJDLQ# VROYHG# WDNHQ# ,4+ς # DV# VFDOH# HVWLPDWH1#7KLV# LWHUDWLRQ# LV# UHSHDWHG# DV# ORQJ# DV
%>ε #RU# D# GHWHUPLQDWH# QXPEHU# RI# LWHUDWLRQV# KDV# EHHQ# FDUULHG# RXW1#$W# WKH# HQG# RI# WKLV

LWHUDWLRQ#SURFHVV#DQ#HVWLPDWH# ,/+ ,+,+ SS ςΘ #IRU# ORFDWLRQ#DQG#VFDOH# LV#DYDLODEOH1#8VLQJ# WKLV

HVWLPDWH/#WKH#GHWHUPLQDWLRQ#FRHIILFLHQW# ,4+. #LV#FDOFXODWHG#XVLQJ#WKH#IROORZLQJ#IRUPXOD=
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ZKHUH# L\Ö #GHQRWHV#WKH#SUHGLFWHG#YDOXH#RI# L\ #DQG# L\ #WKH#PHDQ#RI#WKH#REVHUYDWLRQV1
7KH#JRRGQHVV#RI#WKH#HVWLPDWHG#SDUDPHWHUV#LV#YHULILHG#E\#HYDOXDWLQJ#WKLV#FRHIILFLHQW1#,I

WKH#YDOXH#RI# ,4+. #LV#QRW#VXIILFLHQWO\#FORVH#WR#4/#WKH#ZKROH#SURFHVV#LV#DJDLQ#FDUULHG#RXW#IRU

5ξξ = /# EXW# WDNLQJ# ,/+ ,+,+ SS ςΘ # DV# LQLWLDO# HVWLPDWHV# IRU# ORFDWLRQ# DQG# VFDOH1# 7KH# ILUVW
HVWLPDWRU# JLYLQJ# D# GHWHUPLQDWLRQ# FRHIILFLHQW# VXIILFLHQWO\# FORVH# WR# 4# LV# VHOHFWHG# DV
UHJUHVVRU1# ,I#DOO#GHWHUPLQDWLRQ#FRHIILFLHQWV# ,+,4+ /111/ N.. #DUH#QRW# VXIILFLHQWO\# FORVH# WR# 4/
WKHQ#WKH#HVWLPDWRU#ZLWK#GHWHUPLQDWLRQ#FRHIILFLHQW#FORVHVW#WR#4#LV#VHOHFWHG1
7R# VROYH# WKH# SDUDPHWULF# SURJUDPPLQJ# SUREOHP# +5,# D# VWDQGDUG# DSSURDFK# LV# XVHG1

%DVLFDOO\#ZH#ZDQW#WR#VROYH#WKH#EL0FULWHULD#RSWLPLVDWLRQ#SUREOHP#+4,1#,W#LV#ZHOO#NQRZQ#WKDW
WKH# VHW# RI# HIILFLHQW# SRLQWV# RI# +4,# FRLQFLGHV# ZLWK# WKH# VHW# RI# RSWLPDO# VROXWLRQV# RI# WKH
FRUUHVSRQGLQJ#SDUDPHWULF#SURJUDPPLQJ#SUREOHP#>;@1#)RU# 3≠ξ #+5,#FDQ#EH#ZULWWHQ#DV
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VXEMHFW#WR#+5E,#DQG#ZLWK# ξ
ξτ −+ 4 #1

8VLQJ#WKH#.DUXVK0.XKQ07XFNHU#FRQGLWLRQV#ZH#FDQ#IL[#WKH#VWUXFWXUH#DQG#SURSHUWLHV#RI
WKH#FRUUHVSRQGLQJ# OLQHDU#FRPSOHPHQWDU\#SUREOHP# +/&3,1#'XH# WR# WKH#HYLGHQW#FRQYH[LW\
RI# WKH#REMHFWLYH# IXQFWLRQ/# VROYLQJ# +6,# LV#HTXLYDOHQW# WR#REWDLQ# WKH# VROXWLRQ#RI# WKH# OLQHDU
FRPSOHPHQWDU\#SUREOHP1#6LPSOH[# WHFKQLTXHV#DUH#SURSRVHG#E\#VHYHUDO#DXWKRUV# WR# VROYH






VXFK#SDUDPHWHU0GHSHQGHQW#/&3#WDVNV#>4@/#>5@1#:H#XVH#WKH#SDUDPHWULF#SULQFLSDO#SLYRWLQJ
DOJRULWKP# SURSRVHG# E\# &RWWOH# WR# VROYH# WKH# /&31# $# VWXG\# DERXW# HIILFLHQF\# RI# WKLV
6LPSOH[0EDVHG#WHFKQLTXH#FDQ#EH#IRXQG#LQ#>5@1

7# 8VLQJ#WKH#30)00RGHO#WR#5HFRYHU#WKH
(SLSRODU#*HRPHWU\#LQ#6WHUHR9LVLRQ

/HW#XV#DVVXPH#WZR#SHUVSHFWLYH#LPDJHV#RI#D#ULJLG#VFHQH#WDNHQ#ZLWK#FDPHUDV#WKDW#FDQ#EH
DFFXUDWHO\# DSSUR[LPDWHG# E\# D# SLQ0KROH# FDPHUD# PRGHO1# /HW# ,//+ =<; # EH# WKH# 6'
FRRUGLQDWHV#RI#D#YLVLEOH#SRLQW# SÖ #RI#WKH#VFHQH#LQ#WKH#FDPHUD#FRRUGLQDWH#V\VWHP/#ZKHUH#WKH
=0D[LV#FRLQFLGHV#ZLWK#WKH#RSWLFDO#D[LV/#WKH#RSWLFDO#FHQWHU#2#OLHV#DW#WKH#RULJLQ#DQG#I#GHQRWHV
WKH#GLVWDQFH#EHWZHHQ#LPDJH#SODQH#DQG#RSWLFDO#FHQWHU#+VHH#)LJ1#4,1#/HW#XV#GHILQH#WKH#LPDJH
FRRUGLQDWH# V\VWHP# ,/+ YX /#ZLWK# WKH# RULJLQ# DW# WKH# SRLQW# ,/3/3+ I #ZLWK# UHVSHFW# WR# WKH# 6'
FDPHUD#FRRUGLQDWH#V\VWHP#DQG#WKH#LPDJH#SODQH#FRLQFLGLQJ#ZLWK#WKH#SODQH#= I1#7KXV/#WKH
5'#SURMHFWLRQ# S #RI#WKH#6'#SRLQW# SÖ #RQWR#WKH#LPDJH#SODQH#KDV#FRRUGLQDWHV# ,/+ YXS = ##+VHH
ILJXUH# 4,1# #7KH# FRRUGLQDWH# V\VWHP#XVHG# LQ# WKH# FRPSXWHU#RU# LQ# WKH# UHVSHFWLYH# GLJLWL]HG
LPDJH#ZLOO#EH#GHQRWHG#+[/#\,1#,Q#WKLV#FRRUGLQDWH#V\VWHP#WKH#SULQFLSDO#SRLQW# ,/+ 33 \[ #JLYHV
WKH#SRVLWLRQ#RI#WKH#RSWLFDO#FHQWHU1#7KH#FDPHUDV#DUH#ILUVW#FDOLEUDWHG#LQGHSHQGHQWO\#LQ#RUGHU
WR# IL[# WKH# LQWULQVLF# SDUDPHWHUV1# 7KLV# SURFHVV# LV# FDUULHG# RXW# XVLQJ# D# ZHOO# HVWDEOLVKHG
PHWKRG#GXH#WR#7VDL#>43@1#,W#XVHV#D#VLQJOH#YLHZ#RI#FRSODQDU#RU#QRQ0FRSODQDU#SRLQWV#WR#ILQG
WKH#IRFDO#OHQJWK/#WZR#FRRUGLQDWHV#RI#WKH#LPDJH#FHQWHU/#WKH#ILUVW#RUGHU#UDGLDO#OHQV#GLVWRUWLRQ
FRHIILFLHQW# DQG# WKH#XQFHUWDLQW\# IDFWRU# IRU# WKH# VFDOH# RI# WKH# KRUL]RQWDO# VFDQ# OLQH1# ,Q# RXU
V\VWHP#ZH#XVH#WKH#YHUVLRQ#LPSOHPHQWHG#E\#:LOOVRQ#>44@1
/HW#XV#QRZ#FRQVLGHU#WKH#VWHUHRVFRSLF#ULJ#VKRZQ#LQ#)LJ1#4/#ZLWK#WKH#WZR#FDPHUDV#KDYLQJ

RSWLFDO#FHQWHUV#DW## O2 #DQG# U2 /#UHVSHFWLYHO\1#)RU#DQ\#SRLQW# SÖ #LQ#WKH#6'#VSDFH/#WKH#SODQH
+ O2 / U2 /# SÖ ,# LV# FDOOHG# HSLSRODU# SODQH# RI# # SÖ 1# ,W# LQWHUVHFWV# WKH# LPDJH# SODQHV# LQ# WZR
FRQMXJDWH#OLQHV#FDOOHG#HSLSRODU#OLQHV1#7KH#SRLQWV# OH #DQG# UH #RI#LQWHUVHFWLRQ#RI#WKH#LPDJH
SODQHV#ZLWK#WKH#EDVH#OLQH#+ O2 / U2 ,#DUH#FDOOHG#WKH#HSLSROHV#RI#WKH#VWHUHR#ULJ1#7KH#HSLSRODU
SODQHV#IRUP#D#SHQFLO#RI#SODQHV#WKURXJK#+ O2 / U2 ,#DQG#WKH#HSLSRODU#OLQHV#IRUP#WZR#SHQFLOV
RI# OLQHV# WKURXJK# # OH #DQG# UH #UHVSHFWLYHO\1#,I#D#SRLQW#SDLU# OS #DQG# US #DUH#FRUUHVSRQGLQJ
SRLQWV/# WKHQ# O2 / U2 # OS #DQG# US #PXVW# OLH# LQ# WKH#VDPH#SODQH1#7KLV# LV# WKH#EDVLF#SURSHUW\
LQYROYHG#LQ#WKH#HSLSRODU#JHRPHWU\1#7KLV#SURSHUW\#LV#FDOOHG#WKH#FR0SODQDULW\#FRQVWUDLQW1
7KH#UHODWLRQVKLS#EHWZHHQ#WKH#WZR#FRUUHVSRQGLQJ#SRLQWV# OS #DQG# US #FDQ#EH#IRUPXODWHG

DV=
# 7;50=;0= OOOUUU += −− 44 /##################################################+7,

ZLWK#0# WKH# FDPHUD# LQWULQVLF#PDWULFHV/#5# WKH# URWDWLRQ#PDWUL[# IURP# OHIW# WR# ULJKW# FDPHUD
FRRUGLQDWH#V\VWHPV/#7#WKH#WUDQVODWLRQ#YHFWRU#IURP#WKH#RULJLQ#RI#WKH#OHIW#FDPHUD#FRRUGLQDWH
V\VWHP#WR#WKH#RULJLQ#RI#WKH#ULJKW#FDPHUD#FRRUGLQDWH#V\VWHP/#DQG# T,4//+ \[; = #WKH#H[WHQGHG
YHFWRU#ZLWK# WKH#FRRUGLQDWHV#RI# WKH#VDPSOLQJ#SRVLWLRQ#FRQVLGHUHG# LQ# WKH#GLJLWL]HG# LPDJH1
,Q#HTXDWLRQ#+7,#WKH#LQGH[HV#O#DQG#U#LQGLFDWH#OHIW#DQG#ULJKW#FDPHUD#V\VWHPV#UHVSHFWLYHO\1#,I






WKH# FDPHUD# LQWULQVLF# SDUDPHWHU# DUH# NQRZQ/# +7,# FDQ# EH# H[SUHVVHG# LQ# QRUPDOL]HG
FRRUGLQDWHV1# 7DNLQJ# OO

7
OOO ;0YX8 4,4//+ −== # DQG# UU

7
UUU ;0YX8 4,4//+ −== # +WKH

QRUPDOL]HG#LPDJH#FRRUGLQDWHV,/#+7,#FDQ#EH#ZULWWHQ#DV=

758=8= OOUU += 1############################################################+8,

7KH# FURVV0SURGXFW# RI# +8,#ZLWK# WKH# WUDQVODWLRQ# YHFWRU# 7WWW7 ,//+ 654= # IROORZHG# E\# WKH
LQQHU#SURGXFW#ZLWK# U8 #\LHOGV#WR

3=OU (88 /#################################################################+9,

ZLWK# 5( ⋅= τ /#
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τ # D# VNHZ# V\PPHWULF#PDWUL[# FRQVWUXFWHG#ZLWK# WKH

WUDQVODWLRQ# YHFWRU1#7KH# UHODWLRQ# +9,# LV# FDOOHG# WKH# HSLSRODU# HTXDWLRQ1# ,W# UHIOHFWV# WKH# FR0
SODQDULW\#FRQVWUDLQW#RU#WKH#IDFW#WKDW#WKH#WKUHH#OLQHV#+ O2 / U2 ,/#+ O2 / OS ,#DQG#+ U2 /# US ,#OLH#LQ
WKH# VDPH# SODQH# +VHH# )LJ1# 4,1# 7KH# VLQJXODULW\# RI# τ # LPSOLHV# GHW+(, 31#0RUHRYHU/# WKH
SURSHUW\#UDQN+(, 5#OHDGV#WR#WKH#VR0FDOOHG#UDQN#5#FRQVWUDLQW1#7KH#HSLSRODU#HTXDWLRQ#ZDV
GLVFRYHUHG#E\#/RQJXHW0+LJJLQV#><@#LQ#WKH#HDUO\#HLJKWLHV1#,W#GHILQHV#WKH#HSLSRODU#JHRPHWU\
ZKLFK#FRPSULVHV#DOO#DERXW#D#VWHUHR# ULJ1# ,W#DOORZV# 6'# UHFRQVWUXFWLRQ#RI# WKH# VFHQH# WR#EH
FDUULHG#RXW# LI# WKH# LQWULQVLF#FDPHUD#SDUDPHWHUV#DUH#NQRZQ#DQG# LW# UHGXFHV# WKH# VHDUFK# IRU
FRUUHVSRQGLQJ#SRLQWV/#FRQVWUDLQLQJ#LW#IURP#WKH#HQWLUH#VHFRQG#LPDJH#WR#D#VLQJOH#OLQH1

########
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/HIW#,PDJH 5LJKW#,PDJH
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Ŝs

)LJ#4=#6WHUHR#ULJ#DQG#XQGHUO\LQJ#HSLSRODU#JHRPHWU\

7KH#FUXFLDO#VWHS#LQ#WKH#SURFHVV#RI#UHFRYHULQJ#WKH#H[WULQVLF#FDPHUD#SDUDPHWHUV#DQG#WKH
HSLSRODU#JHRPHWU\#LV#HVWLPDWLRQ#RI#WKH#HVVHQWLDO#PDWUL[#IURP#+9,1#7KH#HSLSRODU#HTXDWLRQ
+9,#FDQ#EH#ZULWWHQ#DV#DQ#KRPRJHQHRXV#OLQHDU#HTXDWLRQV#LQ#WKH#QLQH#XQNQRZQ#HOHPHQWV#RI
(=# 3Ö =(K7 /# ZLWK# 7

OOUUOUOUOUUO YXYYYYXXYXXXK ,4/////+ /= D# YHFWRU# GHILQHG# E\# WKH






FRUUHVSRQGLQJ#SRLQWV# O8 /# U8 DQG# (Ö # WKH#QLQH0GLPHQVLRQDO#YHFWRU/#ZKRVH# HOHPHQWV# DUH
WKH#FRHIILFLHQWV#RI#WKH#HVVHQWLDO#PDWUL[1#*LYHQ#Q#FRUUHVSRQGLQJ#SRLQWV#ZH#REWDLQ#D#V\VWHP
RI#OLQHDU#HTXDWLRQV#RI#WKH#IRUP=

3Ö =(+Q 1#############################################################+:,

6LQFH# (Ö # LV#GHILQHG#XS# WR#D# VFDOH# IDFWRU#HLJKW#FRUUHVSRQGLQJ#SRLQWV#DUH# VXIILFLHQW# WR
FDOFXODWH# WKH#HVVHQWLDO#PDWUL[1#0RUHRYHU/# N+UDQN Q =,+ #DQG#N?</#EHFDXVH# LQ#RWKHU#FDVH
+:,# RQO\# SRVVHV# WKH# WULYLDO# VROXWLRQ1# (VWLPDWLQJ# WKH# HSLSRODU# JHRPHWU\# FRQVLVWV# RI
HVWLPDWLQJ#WKH#QXOO#VSDFH# ,+ Q+Ν #RI# Q+ 1#8VXDOO\/#PRUH#WKDQ#HLJKW#FRUUHVSRQGLQJ#SRLQWV
DUH#NQRZQ#EXW#WKH\#DUH#RQO\#HVWLPDWHV#RI#WKH#H[DFW#FRUUHVSRQGLQJ#SRLQWV1#)RU#WKLV#UHDVRQ
GLUHFW#WHFKQLTXHV#EHFRPH#LQHIIHFWLYH/#EHFDXVH#WKH#PDWUL[# Q+ #EXLOG#IURP#WKH#LQH[DFW#GDWD
LV#QRW#ORQJHU#VLQJXODU/#EXW#LOO0FRQGLWLRQHG#RU#RI#GHILFLHQW#UDQN1#7KLV#PHDQ#WKDW#LQ#SUDFWLFH

{ }3,+ =Ν Q+ # DQG# N <1# &RQVHTXHQWO\/# VROYLQJ# +:,# EHFRPHV# HTXLYDOHQW# WR# VROYLQJ# WKH
RSWLPL]DWLRQ#SUREOHP=

(+Q
ÖPLQ /#########################################################+;,

IRU#DQ\#SUHGHILQHG#QRUP# 1 1#6HYHUDO#PHWKRGV#IRU#VROYLQJ#WKLV#SUREOHP#FDQ#EH#IRXQG# LQ
WKH# OLWHUDWXUH/# IRU# D# FRPSUHKHQVLYH# UHYLHZ# RI# WKHP# ZH# UHIHU# WR# >45@1# 0RVW# RI# WKH
FRQYHQWLRQDO#DSSURDFKHV#DVVXPH#WKDQ#WKH#HUURUV#LQ#WKH#LQSXW#GDWD#LV#*DXVVLDQ#GLVWULEXWHG
ZLWK#]HUR#PHDQ/#DQG#XVH# WKH# QRUP/ −5 # WR#VROYH# WKH#SUREOHP1#$V#PHQWLRQHG#EHIRUH# WKH
OHDVW# VTXDUHV#PHWKRG# LV# H[WUHPHO\# XQVWDEOH# EHFDXVH# WKH# GLVWULEXWLRQ# RI# HUURUV# LV# QRW
*DXVVLDQ#DQG#WKH#LQLWLDO#GDWD#FRQWDLQ#RXWOLHUV1#)RU# WKLV#UHDVRQ#ZH#H[SHFW# WR#ILQG#D#JRRG
DSSUR[LPDWLRQ# (a #RI# ( #XVLQJ#WKH#SURSRVHG#30)0PRGHO1#7KH#ILQDO#DSSUR[LPDWLRQ#RI#WKH
HVVHQWLDO#PDWUL[#LV#REWDLQHG#E\#LPSRVLQJ#WKH#UDQN#5#FRQVWUDLQW#WR# (a 1#7KLV#ODVW#SURFHGXUH
LV# FDUULHG# RXW# E\# DSSO\LQJ# WKH# FRQYHQWLRQDO# WUXQFDWHG# VLQJOH# YDOXH# GHFRPSRVLWLRQ
+769',#WR# (a 1

## #

)LJ1#5=#2ULJLQDO#VWHUHR#LPDJHV#IURP#VFHQH#*:(11

7R# UHLQIRUFH# WKH#QXPHULFDO# VWDELOLW\#RI# WKH#SURSRVHG#PHWKRG/# WKH# LQSXW# GDWD# LV# ILUVW
QRUPDOL]HG# XVLQJ# WKH# WHFKQLTXH# SURSRVHG# E\#+DUWOH\# >6@1# 6XPPDUL]LQJ/# WKH# HVVHQWLDO
PDWUL[#LV#HVWLPDWHG#DFFRUGLQJ#WR#WKH#IROORZLQJ#DOJRULWKP=






•#1RUPDOL]H#WKH#LQSXW#GDWD#E\#DSSO\LQJ#+DUWOH\*V#PHWKRG#>6@
•#8VH# WKH#30)0PRGHO# WR# VROYH# WKH#PLQLPL]DWLRQ#SUREOHP# +;,#DQG#XVH# WKH#HVWLPDWHG

YDOXHV#RI# (Ö #WR#JHQHUDWH#DQ#DSSUR[LPDWLRQ# (a #RI#WKH#HVVHQWLDO#PDWUL[
•#$SSO\#WKH#769'#WHFKQLTXH#WR#GHWHUPLQH#WKH#PDWUL[# 5( #RI#UDQN#5#DQG#FORVHVW#WR# (a

•#7DNH#WKH#HVVHQWLDO#PDWUL[#DV# 5(( = 1
2QFH# WKH# HVVHQWLDO#PDWUL[# LV#NQRZQ# WKH# H[WULQVLF# FDPHUD#SDUDPHWHUV# FDQ# EH# HVWLPDWHG
XVLQJ#D#ZHOO0HVWDEOLVKHG#WHFKQLTXH#SURSRVHG#E\#/RQJXHW0+LJJLQV#><@1#6LQFH## 3=7(7 /#7
FDQ#EH#IRXQG#XS#WR#D#IDFWRU#VFDODU#E\#VROYLQJ=# 7(7

7
PLQ #VXEMHFW#WR# 4=7 1#7KXV/#7#LV#WKH

XQLW#HLJHQYHFWRU#RI# 7(( #FRUUHVSRQGLQJ#WR#WKH#VPDOOHVW#HLJHQYDOXH1#7KH#URWDWLRQ#PDWUL[
LV# HVWLPDWHG# E\# VROYLQJ=# 51PLQ 5(

5
τ− # VXEMHFW# WR# ,557 = # DQG# GHW+5, 41#1RWLFH# WKDW

RQFH# WKHVH# RSWLPL]DWLRQ# SUREOHPV# KDYH# EHHQ# VROYHG# VLJQ# DPELJXLWLHV# KDYH# WR# EH
FRQVLGHUHG1# )LQDOO\/# WKH# HVWLPDWLRQ# RI# WKH# 6'# FRRUGLQDWHV# RI# D# SRLQW# SÖ /# JLYHQ# WKH
ORFDWLRQ#RI#LWV#SURMHFWLRQV OS #DQG# US #LQ#WKH#OHIW#DQG#ULJKW#LPDJH#SODQHV#DQG#WKH#H[WULQVLF
FDPHUD#SDUDPHWHUV#LV#VWUDLJKWIRUZDUG#XVLQJ#WKH#UHODWLRQ#+7,1

###

)LJ1#6=#(SLSRODU#OLQHV#HVWLPDWHG#ZLWK#WKH#SURSRVHG#SDUDPHWULF#PRGHO#ILWWLQJ#HVWLPDWRU1

8 6HOHFWHG#5HVXOWV
7KH#SURSRVHG#WHFKQLTXH#KDV#EHHQ#HYDOXDWHG#E\#HVWLPDWLQJ#WKH#HSLSRODU#JHRPHWU\#IURP

VHYHUDO#VWHUHRVFRSLF#VFHQHV1#&XUUHQWO\/#ZH#DUH#DOVR#SHUIRUPLQJ#VHYHUDO#FRPSDULVRQV#ZLWK
UHVXOWV#REWDLQHG#XVLQJ#RWKHU#SUHYLRXVO\#UHSRUWHG#PHWKRGV1#$#PRUH#FRPSUHKHQVLYH#UHSRUW
RI# WKLV# FRPSDUDWLYH# HYDOXDWLRQ# LV# LQ# SUHSDUDWLRQ# >8@1# 7KLV# HYDOXDWLRQ# LQFOXGHV# UHVXOWV
REWDLQHG#XVLQJ#GLIIHUHQW#WHFKQLTXH#IRUP#WKH#OLWHUDWXUH#DV#ZHOO#DV#D#GLUHFW#FRPSDULVRQ#ZLWK
D#PHWKRG#UHSRUWHG#UHFHQWO\#E\#WKH#VDPH#DXWKRU#>9@1#$OWKRXJK/#WKH#PHWKRG#LQWURGXFHG#LQ
>9@#ZDV#GHVLJQHG# WR# VDWLVI\#SK\VLFDO#PHDQLQJIXO# FRQVWUDLQWV# LQKHUHQW# WR# WKH# FDOLEUDWLRQ
SUREOHP/#WKH#QHZ#DOJRULWKP#EDVHG#RQ#WKH#PRUH#JHQHUDO#30)0PRGHO#VXSSOLHV#YHU\#VLPLODU
UHVXOWV1#,Q# WKLV#DUWLFOH# #UHVXOWV#REWDLQHG#IRU# WKH#VFHQH#*:(1#DUH#UHSRUWHG1#7KH#RULJLQDO






VWHUHRVFRSLF# LPDJH#*:(1# LV# VKRZQ# LQ# )LJ1# 51# 7KH# HSLSRODU# OLQHV# REWDLQHG#ZLWK# WKH
SURSRVHG#DOJRULWKP#DUH#VKRZQ#LQ#)LJ1#61#,Q#WKLV#UHSUHVHQWDWLRQ#ERWK#LPDJHV#DUH#VKRZQ#LQ
WKH#EDFNJURXQG1#6XSHULPSRVHG#RQ#WKH#OHIW#LPDJH#WKH#PDWFKHG#SRLQWV#DUH#KLJKOLJKWHG/#RQ
WKH#ULJKW#LPDJH#WKH#HSLSRODU#OLQHV#FRUUHVSRQGLQJ#WR#WKHVH#SRLQWV#DUH#GUDZQ1#,Q#)LJ1#7#WKH
HSLSRODU#OLQHV#REWDLQHG#XVLQJ#WKH#SDUDPHWULF#OLQHDU#RSWLPL]DWLRQ#SUREOHP#GHVFULEHG#LQ#>9@
DUH# VKRZQ1# 7KH# GLIIHUHQFHV# EHWZHHQ# WKH# UHVXOWV# RI# WKH# WZR# PHWKRGV# DUH# DEVROXWO\
LQVLJQLILFDQW1

9 6XPPDU\#DQG#)XUWKHU#:RUN
$#KLJKO\#HIILFLHQW#DQG#UREXVW#PRGHO#WR#DSSUR[LPDWH#JHQHUDO#UHJUHVVLRQ#SUREOHPV#ZLWK

XQNQRZQ# HUURU# GLVWULEXWLRQ# IXQFWLRQ# KDV# EHHQ# SUHVHQWHG1# 7KH# PRWLYDWLRQ# EHKLQG# WKH
SUHVHQWHG# UHVHDUFK# KDV# EHHQ# WKH# DEVHQFH# RI# JHQHUDO# UREXVW# DQG# ORZ# FRPSOH[LW\
HVWLPDWRUV#IRU#FRPSXWHU#YLVLRQ#WDVNV1#7KH#SUHVHQWHG#PRGHO# LV#GHULYHG#IURP#D#EL0FULWHULD
RSWLPLVDWLRQ#SUREOHP#FRPELQLQJ# WKH#EHVW#SURSHUWLHV#RI# OHDVW#VTXDUHV#DQG# OHDVW#DEVROXWH
GHYLDWLRQ1#7KH#SHUIRUPDQFH#RI#WKH#PHWKRG#KDV#EHHQ#DVVHVVHG#E\#UHFRYHULQJ#WKH#6'0VFHQH
VWUXFWXUH# IURP# VWHUHRVFRSLF# LPDJHV1# ,Q# WKLV# FRQWH[W/# VHYHUDO# H[SHULPHQWV# KDYH# EHHQ
FRQGXFWHG1# 6RPH# VHOHFWHG# UHVXOWV# DUH# UHSRUWHG# LQ# WKLV# DUWLFOH1# )XUWKHU# GHYHORSPHQWV
LQFOXGH#D#FRPSUHKHQVLYH#DVVHVVPHQW#RI#WKH#LQWURGXFHG#UHJUHVVDWRU#DQG#LWV#VXLWDELOLW\#IRU
RWKHU#FRPSXWHU#YLVLRQ#UHODWHG# WDVNV# OLNH#PRWLRQ#DQG#GLVSDULW\#HVWLPDWLRQ/#VHJPHQWDWLRQ/
HWF1

)LJ1# 7=# (SLSRODU# OLQHV# HVWLPDWHG# ZLWK# WKH# OLQHDU# SDUDPHWULF# UHJXODULVDWLRQ# WHFKQLTXH
LQWURGXFHG#SUHYLRXVO\#LQ#>9@1
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DSSURDFK#WR#WKH#HVWLPDWLRQ#RI#WKH#FRHIILFLHQWV#RI#WKH#OLQHDU#UHJHVVLRQ#PRGHO´/#3DUDPHWULF
2SWLPL]DWLRQ#DQG#5HODWHG#7RSLFV#,,,/#+*XGGDW/#HW1DO1#(GV1,#9HUODJ#31/DQJ1#)UDQNIXUW#DP
0DLQ/#4<<6/#SS#<0531
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3DWWHUQ#$QDO\VLV#DQG#0DFKLQH#,QWHOOLJHQFH/#9RO1#4</#4<<:/#SS1#8;308<61
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>;@#.1# /RPPDW]VFK/# ³$QZHQGXQJHQ# GHU# /LQHDUHQ# 3DUDPHWULVFKHQ# 2SWLPLHUXQJ´/
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