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Diffusion Smoothing (DS) implements the smoothing by
directly solving a boundary value problem of the diffusion
ou
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schemes, it provides a uniform theoretical base for some
other smoothing methods. It has shown that the elegant
Gaussian smoothing (GS) is equivalent to the initial value
problem of DS, and the widely-used Repeated Averaging
(RA) is a special case of the explicit DS. This paper
further proves that Spline smoothing (SS) is a special
case of the explicit DS with a "convex corner cling"
boundary condition. This result cvincides with Poggio’s
conclusion However, our proof starts from the diffusion

equation = bV?u with explicit or implicit numerical

smoothing theory instead of regularisation theory and is
given in the mask form, ikus is simpler and more
straightforward. Moreover, it makes us possible 1o
explicit the scale space behaviour of spline smoothing.

1. Introduction.

In computer vision, Gaussian Smoothing (GS) is a well-
known method due to its ~icgant properties; whose widely
used form is Repeated Averaging (RA) [1,6]. Spline
smoothing (SS), initially used to surface approximation,
can also be used to smooth surfaces.

~ Apart- from them, [2,34,5] discussed a method
using the diffusion process to do surface smoothing, or
the Diffusion Smoothing (DS) method. This method
implements the smoothing by directly solving a boundary

du _ bV?u with

value problem of the diffusion equation Ey

explicit or implicit nuinericai schemes.
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The DS method has some advantages: 1) It provides
a uniform theoretical base for several different smoothing
methods, e.g., GC is equivalent to the inital value
problem of DS; RA is a special case of the corresponding
explicit DS; 2) The implicit DS version works faster in a
scale space and produces denser intermediate results
without extra computation. 3) It provides an easier and
more reasonable way to treat the boundary condition, e.g.,
shape preservation at the surface margin using a "small
leakage" model. 4) It can also be applied to intensity
data processing, drifting object smoothing (5] and
symmetry axis elicitting [9], etc.

In this paper, we further include SS into DS by
showing that SS is a special case of the explicit DS with
a "convex corner cling" boundary condition, and discuss
the behaviour of SS in scale space.

2. Surface smoothing using cubic B-
spline.

Surface spline smoothing method not only gives a smooth
version of the surface but also preserves the
convexity/concavity of the overall surface shape in the
processing [7], thus it seems an attractive smoothing
methods.

Figure 1. Surfaces from raw date and its spline smoothing approach.
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is the mesh width, A>0 is the mesh step.
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First, along the boundary L, we extend the raw
data surface {u,, | ,,-00)ym-1} One node outwards
from the surface:

U1 = 2ux.r = Uss1,r if Us—1r Q L
Usyrr = 2Ug, — Ug_1, if ug,, § L (1.x)
Ugp1 = 2".7,!' = Us 41 if Us r—1 E L
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Second, holding y constant in u(x,y), we approach
the surface u(x,y) in the x-direction and get the spline
surface

Seu(ey)= Y ux.y) ¢:(x)

i==l1

2x)

and holding x constant in S;u(x,y), approach the surface
S u(x,y) in the y-direction to get the final spline surface:

m

SySxu(xy)= 3, Sulxy)v;»)

j=-1

@.y)

Mz
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Third, replacing u(x;,y;) with u;; gives discrete
values of the spline approximation of the surface u(x,y):

icy)= 3 3w, 6:0)v;0) 3)

j=-1i=-1

Where ¢;(x) and y;(y) are in the forms of cubic B-spline
function Q4():

xX—X; x-xg .

()= Q(5) = U(——-i)  (x)
Y-y; Y7¥0

Vi0)= (5 =) @y

So, after spline smoothing, the raw data

{4p4 1.4 =0@)m-1} Will be changed to
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Upq = _El _Zl uij Qp—i) Q(g-Jj)
}':—.— ==

®

Owing to the properties of the cubic B-spline
this approximation has the following
characteristics: 1) The surface approximation is of C?
continuity and O(h?) accuracy. 2) The surface convexity

functions,

and concavity are preserved. 3) The computation can be
done locally and parallelly within 3x3 windows.

Repeatedly using this spline surface approach, the
approximation will converge to a smooth surface with C?
continuity which preserves the global shape of the
surface.

3 Spline  Smoothing, Gaussian
Smoothing and Repeated Averaging.

Using the mask form, it is easy to prove the result below:

Theorem 1. Cubic B-spline surface smoothing is a
special case of repeated averaging or

discrete Gaussian convolution.,

Proof: Due to the compactness of the cubic B-spline
functions, at any mesh node (p—i) or (¢g—j) which is

beyond the interval (-2, 2), we have

Qyp-i)=0 or Qi3(¢-j)=0 (6)
Rewrite the spline approach formula (5) as:
g+l p+l
Bpg= 3 X WijQup-i)Qg-j) (N
j=q-1 i=p-1
Note that
Q0) =% and Q1) =+ ®)

We get a typical Gaussian-like mask form of the surface
spline smoothing as below:

1] 4 1
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Figure 2. Surface spline smoothing mask.



So, spline smoothing is a special case of RA.
Repeatedly using this mask approximately corresponds to
filtering with a Gaussian [4,6].

Q.E.D.

This result coincides with the conclusion in [8] that
solution to the problem
Y (fe - Sx))? + xju §"(x)I1%dx in the case of inexact
k=
data on a regular grid (and appropriate boundary
conditions), can be obtained (a) by convolving the data
with a filter, (b) which is a cubic spline, and (c) which is
very similar to a Gaussian."

"the variational

However, by starting from the diffusion smoothing
theory instead of regularisation theory, the proof is given
in the mask form thus it is in a simpler and more
straightforward style. Moreover, it makes us possible to
explicit spline smoothing’s behaviour in scale space.

4. Spline smoothing and explicit
diffusion smoothing.

As well as repeated averagirg has been proved as a
special case of the explicit diffusion smoothing, we now
discuss the relationship between spline smoothing and
diffusion smoothing.

Theorem 2. Surface spline smoothing is a diffusion
process with a "convex corner cling"
boundary condition:

du

= +Au (9.e)

(9.1)

9.b)

where f is the inpw data surface given at the initial time
of the diffusion process, L is the surface boundary and L%
the "convex corner" node set of L, whose meaning will
be clear in the proof.

Proof: To prove that DS includes SS, we appeal to the
general explicit DS scheme and its mask. This scheme is
a linear combination of the normal and oblique cross
explicit schemes in [2]:
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Figure 3. The general explicit DS mask.

Where 0 <w< 1 is the weight coefficient, i ,j =0 (1) m-1
in the spatial step h, k =0 (1) e in the diffusion time

step T, b > 0 the diffusion coefficient and B = -i—';—

Comparing this general DES mask with the spline
smoothing mask in Figure 2 gives =% and B = +.

Setting T = h = 1 yields the diffusion coefficient b = .

So spline smoothing is a special case of the explicit
diffusion smoothing.

Because the boundary treatment is performed with a
linear extension formula (1), surface values at some
points are invariant during the smoothing process. These
points are just the convex comner nodes of the L, shown
in Figure 4 as bold dots and are grouped into a set LS =
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Figure 4. Convex comer node set Ly (blackened dot nodes of L)
in spline smoothing.

This means that under such a boundary treatment, the
spline surface must cling to the input data surface on the
Lz throughout the diffusion process. In return, we name



it a treatment with the "convex comer cling" boundary
condition formulated as in (9).

Q.ED.
Corollary.  Repeatedly using the surface spline
approach  n times  approximately

corresponds to filtering with a Gaussian

whose standard deviation is ‘\f %

Proof: Because SS is a special case of the diffusion
process presented as in (9), by setting t =n and b = -‘1;

in the following relationship (11) between Gaussian scale
o and diffusion time ¢, the conclusion follows.

o=V2bt (11)

QoE-Dt

5. Scale Space Behaviour of Spline
Smoothing.

We compare the scale space behaviour at the surface
boundary and computational performance of spline
smoothing with that of implicit diffusion smoothing.
First, the cubic B-spline smoothing is a special case of
explicit diffusion smoothing. Due to the constraint of
numerical stability, it promises a
computational efficiency than the implicit diffusion
smoothing in the scaled space (cf. [4]).

much lower

Second, the surface boundary treatment in spline
smoothing leads to the smoothed version cling to the raw
data surface at those convex comer nodes at the
boundary. In the case of once approaching to the noise-
free data, this invariance would not be a problem, even an
advantage; but in the case of repeatedly smoothing the
noisy data, it might provide false information about the
surface tendency at the boundary and cannot be corrected
throughout the whole process, whereas the surface
boundary treatment is better in the diffusion smoothing
with a "small leakage model" where surface curvature
signs are preserved at the surface boundary [5].

Third, the weight coefficient ® = % in the proof of

theorem 2 suggests spline smoothing mask is not an
isotropic filter while many other diffusion smoothing
masks can be isotropic ones.
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Section 6. Summary.

In this paper, spline smoothing has been proved as the
diffusion process with a "convex corner cling” boundary
condition, which explicits spline smoothing’s relationships
to Gaussian smoothing, repeated averaging and diffusion
smoothing;then the scale space behaviour of spline
smoothing is compared with that of implicit diffusion
smoothing.

References:

1. Brady M., Ponce J., Yuille A. and Asada H.,,
Describing Surface, MIT A.I. Memo NO. 822, 1985.
pp. 19-20.

2. Cai, L.-D., Diffusion Smoothing on Dense Range
Data , DAI WP-200, Department of A.IL, University
of Edinburgh, 1987.

3. , Some Note On Repeated Averaging
Smoothing , DAI RP-337, Department of Al,
University of Edinburgh, 1987. Also in Proc. of
BPRA 4th Int. Conf. on Pattern Recognition,
Cambridge, UK., 1988, Lecture Notes in Computer
Science, JKittler (Ed.), Vol. 301,, Springer-Verlag.
pp. 596-605.

4, » A "Small Leakage" Model for Diffusion
Smoothing of Image Data, DAI RP-418, Department
of A.L, University of Edinburgh, 1988. Forthcoming
in Proc. of 11th IJCAI conference, Detroit, Michigan,
USA, 20-25th August, 1989.

A Diffusion Smoothing Approach To
Sculptured Surfaces. DAI RP-406, Department Of
A.L, University of Edinburgh, 1988. Also in Proc.
of IMA 3rd Int. Conf. on Mathematics of Surfaces,
Oxford, UK., September 1988.

6. Canny, J.F., Finding Edges and Lines in Images,
MIT A.L Tech. Report 720, 1983. pp. 72-75.

7. Maccallum, K.J,, and Zhang, J.-M. Curve
Smoothing  Techniques Using B-splines. The
Computer Journal, Vol. 29, No. 6, 1986, pp.564-
571.

8. Poggio, T. Voorhees, H. and Yuille, AL, A
Regularized Solution to Edge Detection, MIT A.L
Memo No. 773, 1984.

9. Scott, G.L., Turner, S.C. and Zisserman, A., Using
a Mixed Wave/Diffusion Process to Elicit the
Symmetry Set, Proc. of 4th Alvey Vision Conference,
University of Manchester, 31 Augest - 2 September,
1988. pp. 221-228.



